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ABSTRACT 

Mutual coupling In a phased array can cause Its radiation performance to vary with 
electrical phasing used to steer the array.   Large performance degradations can accrue 
when many coupling contributions add ln-phase.   This happens when the steering phase 
advance equals the mutual coupling phase delay between consecutive elements.   For these 
critical scan directions reflections can be very large, and the antenna array will transmit 
or receive very little power, as evidence by deep holes In the element radiation pattern. 

A large, flat, uniformly spaced array of Identical antenna elements Is analyzed. 
A relationship is found between critical scan angle and mutual coupling coefficients. 
Element radiation pattern, Kative array mismatch, and radiation efficiency are shown to 
be equivalent representations of phased array scan performance. 

Sxtenslve radiation pattern and mutual coupling measurements were made 5n a 
planar, equi-angular array of coaxial horn antennas.   These measured mutual coupling 
coefficients were summed over columns at the test array.   The phases of these column 
sums were found to vary linoarly with distance.  At the critical scan angle, all columns 
on one side of the array couple ln-phase and re-radiate destructively, causing deep holes 
in array coverage and in element radiation pattern.   Emplr cal coupling velocities were 
less than the free space velocity of light.   Radiation holes appeared at scan angles which 
were smaller than those for which the grating lobe maximum enters real space. 

Many physical perturbations of the array geometry were investigated experimentally 
to determine their Influence on array scan performance. Several diverse array types are 
reported to have radiation minima attributable to ln-phase coupling accumulation. 
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INTRODUCTION 

»*" » oeam forming and ateertne network    rh« «K«    ^ 

with ma^.,, .ZtÜ ^      C0',PU,,g c°*ri****' ««-—• U.-P.».. 

formance. d lt8 effect on array scan per- 

The analysis ia general, not uninue   to anv «.rMnMio     -. 
assnmorff^K   t wlue' lo ^y Particular antenna troe    Th*» «t-«,, iD 

assumed to be large and planar with identical antenna element« ftf    L        The array l8 

antenna element is excited with the «.m   w   7enna eIement8 at «n«0™ »Pacing.   Each 
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SECTION I 

THEORY OF COUPLING ACCUMULATION 

Mutual coupling In phased arrays causes the antenna active Impedance to vary with 
beam scan angle.   The Impedance variation and consequent radiation pattern degiadations 
can be computed from the array mutual coupling coefficients and antenna drives.   Both are 
knowable.   The transmission line voltages driving the antennas are determined by the array 
ilfrminaH«» taper and radar scan direction.   The mutual coupling coefficients are know- 
able either from measurement tr analysis.   From this knowledge, one can construct the 
active impedance, scanning reflection, element power pattern, and target illumination 
intensity vs. scan angle.   The analysis here will be general, not unique to any particular 
antenna type.   We will assume that the array is large, flat, and has uniform interelement 

spacing. 

Figure 1-1 shows a uniformly spaced, planar phased array and its coordinates. 

The array face is in the XT plane.   The Z axis is the array normal and the pole of a 
spherical coordinate system.   0 Is the polar angle measured from the outward array normal; 
0 is the longitude about this normal.   The small circles in Figure 1-1 represent potential 
antennas.   In a uniform rectangular array, identical antenna elements occupy every circle; 
separations d  and d  are independent design constants.   In an equiangular hexagonal array 

identical anteünas o/cupy alternate circles (in checkerboard fashion) with dx = vTdy. 
Any plane containing the hexagonal array normal and passing through any one of the 6 
closest elements is called a cardinal plan (e. g. « -W). The bisecting planes are called 

Intercardinal planes (e. g. ^ ■ (P). 

1.1 ACTIVE REFLECTION COEFFICIENT 
An array of M x N antenna elements constitutes an MN port network, which usuaUy 

is reciprocal,      lossy (radiating), and obeys linear superposition.   The active mismatch 
<rf the central (0,0) antenna element (with all neighbors suitably excited) is given by the 

following exact relation: 

where 

r    -ZZVV52» m   n oo 

8      = mutual coupling coefficient between the central (0,0) antenna and 
mn    the (m, nth) antenna 

V « drive applied to the (m, nth) antenna 
mn . 

V « drive applied to the (0, (Jth) antenna element, 
oo 

(1-1) 
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Bach antenna driv« V^ li chancterlied by an amplitude and a phase angle.   The 
amplitude la determined by the choeen array Illumination (aaaumcd uniform in the neighbor- 
hood of the reference element 0,0).  The phaae la determined by the beam pointing direction 
and controlled by the array ateeiing network. The ateeringphaae advance la aaaumed to be 
it« exact complement of the radiation retardation in the selected direction of the array 
•can.   Thus all array radiation contributions add in phaae when ti.e far field observer at 
r, 0,4 la at a maximum of the steered beam 0 > 0., 0 - * .   The drive applied to the th »   T    TB " 
(m, n)    antenna la 

Vmn      -JK0Cmdxaln 0scoa 08 + ndyain 088in ^ 

00 
(1-2) 

Subscripts "s" refer to the array ateering command'.   The phaae increments between con- 
aecutlve columns and rows are respectively 

\ " Kodx8in $BCoa ^a ' a,r( X^) coß^x'r) 

^ - Vy81" es8in 08 " Mx1) C08(y'r) 

(1-3) 

where coafx, r) and coa(y, r) are direction cosines between the scan beam and the X or Y 
axis respectively.   Inserting equations (1-2) and (1-3) into (1-1) yields the array active 
reflection coefficient r(^,•) and its Fourier complement S 

m n 
(1-4) 

Smn ' (fe)   /V-, 4,-.   r ^ Ve d*xd*y (1-5) 

1.2  PERIODICITY AND SYMMETRY OF SCAN MISMATCH 

Equation (1-4) shows that the active reflection coefficient is a periodic function of 
^and*y. 
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In a rectangular array  the period Is 

1.   A*x - frm      or Acoe(x, r)-(j^) m        and 

2-   A^-a^n       or       Acoa(y,r)-(^£)n 

m and n are arblt^ry Independent Integer., g.„erat^ the fan^Oar ^ting lobe .erte..   At 
teering command ^ and *. reoeata. com.^,, 

also repetitive. 

A ^nal array can be regarded a. the .um of two Interlaced octangular ar«y. 
Its active reflection coefficient has a period "««iguxar arrays. 

' r— «Bei», genenuuig tne famiJar ffratlnff loh« .art*,     A 
each grating lobe the steering command ♦ and ♦ r.nL. 
«on is also reo^v. ^ ^ ^ rePeati' consequently, the active reflec 

!•   A*x » irm       or Acosfc r) 
•^ m      and 

2.   A' irn or       Acos{y,r)-^n . tip 
-rCr^^^8^-^-   -^rm the gotl^iobe series 

.araallv m.t i„ »^     ,        1    * V    ^V V   The" ***** condition, .„ 

1. 3 IN-PHASE COUPLING ACCUMULATION 

Equation (1-4) shows that the active reflection coefficient H*  * ) i. , .„««„„^ 

very small but many coupling contributions can add ln-nhase to nro*,^ . i. . Keneraily re,^. mtata. „^, ^ crltlcal _ ^Li^'.'s^r' 

S66-12 
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Coofldtr army ttetiing In the principal pUn« (#g - 0) conulning row» of a 
rtctaagoUr array, or to tht intercardlnal pUne of a hexagonal array.   All antenna ele- 
meota In any column are driven In the aarne phase (see Figure 1-2).   The steering phase 
Increments (equation (1-3)) become 

slnö     and 
^■ 

0. (!-«) 

The amy acui mlmuteh (equation (1-4)) becomes 

^V ■ I (Z SmJ» 
-»^ 

m n (1-7) 

The Inner summation Is over all the elements In any one column "m"; the outer summation 
la over columns of the array,   rhe net coupling contribution from any one column1 can be 
written In terms of Its amplitude and phase 

n n s Ame ̂
 

(1-8) 

The phases of the column coupling coefficients ^ are Important in determining the scan 
capabilities of phased array.   Each ^ la a function of the column index Iml. 
Experimental evidence (Figures 1-3 and J-4) Indicates that  ^ is almost exactly 
proportional to the column Index |m| and hence proportional to the physical separation 
m | dx between the m    column and the reference element (0,0). 

This linear phase delay with distance can be understood from the physical mechanism 
causing column coupling.   All elements In the mth array column are excited with the same 
amplitude and phase; all elements outside this column are terminated in a reuistance Z . 
The individual antenna elements in the m01 column are Huygens sources.   Their fields add 
to produce a Unear phase front parallel to the array column, when observed at distances 
which are great:   In comparison to a wavelength, and in comparison to the interelement spac- 
ing.   The wave travels across the array face at a uniform velocity, since the phase delay 

S6Ö-12 1-5 
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COLUMN SEPARATION:   |m| 5^- 

2   1.4 1.6   XAtfiJ*   iA2\6  V  3|'0  V 

2470-66W 

^Ut.  «.„..-C^Co^W.orL.n.^PoUr^C^UlHor« 
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*m If propoftioi»! to dtotanc« I m I dx.   Thifl w»v* Is inte rcepted by consecutive passive 
■ntsns elements which absorb and scatter part of the traveling wave.   The reference ele- 
mt wt (0,0) can be thought of as a "probe" which loosely couples and samples the surface 
flells generated when the mth column d the array Is driven.   Changing I m I effectively 
mores the "probe" across the array face In discrete Increments equal to the Intercolumn 
•pacl,^ d .   Tills Is the physical explanation of the co.amn coupling coefficients defined in 

equation (1-8). 

The phase of the column coupling coefficient *m Is a symmetric function of the 
column Index |m|.   This functional dependence could be expressed in a power series 

2 
♦_ »a + blml s'-dml   ♦••• m (1-9) 

The coefficients a, bf c, • • • are constants In any given array.   From Figures 1-3 and 
1-4 and from the heuristic argument above, we seo ttmt a and b are thg dominant terms 
In the series.   The remaining terms are negligible for coupling vb> a wave traveling across 

the array face at a uniform velocity. 

Define ,,^" as the mean slope of the coupling phase *m vs. | m |.   An effective wave 
number"K ", wavelength "X M and phase velocity "vg" can be defined in terms of this mean 
phase delay per column * computed or measured at the discrete antenna terminals. 

2nd u>d_ 

Vx (1-10) 

Inserting equations (1-8), (1-9), and (1-10) int > (1-7) yields the following expression for the 

scanning mismatch: 

•■v-^j. 
-lm(* -*) 

m m>0 

+lm(^ + 1H 
m J * (1-11) 

Equation (1-11) has the following physical meaning:  the active reflection coefficient at the 
reference element (0,0) is the sum of its own mismatch plus coupling from elements in 
Its own column [1st term in (1-11)] plus coupling from all columns to its left and right 
[last two series in (1-11)].   Each coupling amplitude (A0, Am, and A^) is very small 

/ 
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I 
I (weaker than -20 db In most ca.e.).   Urge miematehee occur when many coupling contrl- 

button» add ln-phaee.   Thle happen« when 

♦x-±?+2»q 
(1-12) 

where q IM any integer. ^ l. th^ army .teerlng phaee Incremer* per column gl.en In 
equation (1-6), and ^ Is the mean coupling phase delay per column (equation (1-10)) 
Equation (1-12) gives an Infinite set of critical scan directions.   Typically, only q - ±1 
correspond to critical scan angles in real space (|sln *    |< l).   T*ese critical scan 
directions are determined by: 

l^scNa2)-^ (1-13) 

For scan angles at or near 9^ the consecutive steering phase advances Just match the 
mutual coupling delays, and many coupling contributions add in-phase to produce a large 
mismatch.   For a given army (d/x,) is known and (^ can be obtained either analy- 
tically or via measurements.   Equation (1-13) shows that, for any given «dio frequency 
and array design, the critical scan angle is the arc sine of the difference between the 
Inverse electrical spacing and the inverse coupling velocity. 

The critical scan angle (producing large mismatch) will now be compared to the 
scan angle öggL causing an end-fire grating lobe 

sin 9 sgL X - 1 
(1-14) 

Comparing equations (1-13) and (1-U), we find that the critical scan angle 6    is smaller 
than the scan angle *sgL causing an end-fire gating lobe, when v  < c , as" the case 
when mutual coupling is via a slow wave. 

Measurements in arrays of linearly polarized coaxial horns, circularly polarized 
coaxial horns, and linearly polarized rectangular horns all show ccpllng at velocities 
substantially less than the velocity of light. 

s.,^ TT^***^ **"********'   Weal array design procedure 
selects the Interelement spacing so as to place the grating lobe at the edge of real space 

for maximum radar scan angles.   This can result In serious radar degradations (large 

866-12 
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hutß MdUtloo loMt and poUorlution distortion) at iMter scan 
wttWn tbc dMltv eofraraft objsctiy«« of tht array.  Thaaa degradationa ai-e a con- 

d tka In-phaa« accumulatlac a( many amall coupling contribution«, and hence 
could go aa^atactad la the analyala er meaaurement of antenna element performance in 

1.4  ZENNECK SURFACE WAVE 

Array antenna element« of several type« appear to couple via surface wave pro- 
pagation acroe« the array face.   Hie reauttant column coupling coefficients (equation (1-8)) 

2 ft have heuristic and measured properties similar to the classic Zenneck surface wave. * 
Surface wave theory has been effective in Interpreting the coupling measurements and in 
analysing the effect of dielectric aheeta and hemispheric radomes on scan performance 
of these arrays.   Antenna elements known to support slow wave propagation include the 
TEf. mode coaxial horn of the shape shown in Figure 1-5, and the TE1ft mode rectangular 

waveguide radiating end-on. 

This section contains a brief description of the classic Zenneck surface wave 
followed by its application to several important problems in phased array radar. 

The lowest order surface wave mode propagating over a metal ground plane is 
Tilg. Array antenna elements can be thought of aa perturbations in such a ground plane. 
These perturbation« influence the surface wave velocity and extract power from the surface 
wave through mutual coupling and scattering.   (Interelement spacing is such as to provide 
coherent back radiation at an angle equal to the critical scan direction and with a scattering 
phase which would reduce the direct element radiation in this direction.)  Thus, the planar 
array can be thought of aa a periodically loaded alow wave structure whose surface wave 
velocity determines the radar scan coverage (equation 1-13). 

The macroscopic properties of surface waves can be analyzed independently of the 
detail surface structure producing the wave retardation (i. e., a dielectric sheet and a 
trough surface can be designed to have the same surface wave properties, at large distances 
from the surface irregularities).   Consequently, it is desirable to know these surface wave 

2 
properties independently of the launching and propagating structures.   Barrow and Cullen 
have derived relationahipe between the tangential propagation constant >"> the orthogonal 
propagation constant " if', and the aurface impedance "Z ".   Knowledge of any one of 

S66-12 1-11 
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i Mt comptez noBten completely determines the other two and defines the surface 

m tve; tits itilaüoneMp« are 

Ef -±  K andU1 +/ ♦ ^ - 0                                                                       (1-15) 

C  ■ tangential surface Impedance 
Y * taasetntlal propagation constant 
u- orthogonal prjpagatlOR ronetant 

Co-^- 
'u e ' = free space wave number o o 

The surface wave, remote from the Irregularities, has the form of a complex plane wave 

AeM-*a-yx. (LiB) 

Ths Z-aads is chosen normal to the intcria -*• (array outward normal).   The X-axis is chosen 

along the direction of surface wave propagation.   Phase and amplitude of the surface wave 
are Independent of T as they would be if the discrete elements in any column of Fi%2ia 1-2 

were approximated by a continuous line source. 

In general, Z , v, and y ore complex numbers.   For surfaces having very low 
coupling and scattering losses, the surface impedance Z   i} mainly reactive,   u is mainly 
real and y is mainly Imaginary.   Thus, a slow wave propagates in the X direction; constant 
phase fronts are coincident with constant values of X.   Antenna coupling and re-radiation 
losses cause attenuation In the X direction of propagation, and y becomes complex. 

l.i  COLUMN COUPLING COEFFICIENTS 

Next the measured properties of the column coupling coefficients will be compared 

to the characteristics of the Zenneck surface wave. 

Experimentally determined column coupling coefficients in two different arrays are 

shown in four Figures: 1-8, 1-4, 1-6, and  1-7.     The phase plots (Figures 1-3 and 1-4) 
are linear, suggesting uniform velocity slow waves as per squation (1-16).   Equation (1-16) 
also suggests an exponential amplitude decay with distance, (xj - |m|dx.   Measured 
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amplitude of the column coupling (Figures 1-6 and 1-7) aleo seems to fit surface wave 
theory for I m I > 1.   (When m = 0 oi ±1, the driven column and reference element are 
separated by less than x .   Near field effects and array discreteness would be expected to 
case departures from the Zenneck surface wave theory for |m | s 1.) 

Array column couplings have the same X dependence as the Zenneck surface wave. 
In the Y direction, the array and its excitations repeat at increments d  equal to the array 
spacing.   Consequently, the distant column coupling coefficients will have no Y dependence, 
also matching equation (1-16).   Thus, the measured coupling data fits well the Zenneck 
surface wave theory at the discrete antenna terminals. 

The performance of an element in a large phased array resembles that of surface 
wave antennas   containing a driven element, a slow wave structure, and a collection of 
radiators.   A surface wave on an array excites passive neighbors which radiate in-phase 
in the direction 9 ■ 0     as given in equation (1-13).   The phase of the parasitic radiation sc 
can be opposite to that radiated directly by the element, resulting in deep holes in the 
element radiation pattern at the critical angle 6     (e.g., see Figure 5-1). 

1.6 ACTIVE MISMATCH ESTIMATE 

The scan mismatch of a phased array can be obtained in closed form for certain 
-a I ml 

m V It the types of coupling.   In particular, column coupling coefficients A 

surface wave (equation 1-16), having a line source at {!! * n } and samPled at the discrete 
array columns.   The resultant active mismatch* is 

r«g ^^ti*!6"1"^^    dV"1^^] (1-17) 

m and m' are summation indices representing elements to the left and right of the reference 
element (0,0), whose active mismatch is r(0 ).   M and Mf are the number of columns in 

*We have assumed that array columns are driven in phase and that the surface wave phase 
fronts are parallel to array columns.   Thus equations (1-17) and (1-18) apply to beam scan- 
ning in a principal plane of a rectangular array grid or in an Viercardlnai plane of a 
hexagonal array.   These scan planes are the worst cases (least scan coverage to esc). 
The mismatch Tls a gradual function of the plane of scan ^s so that equation (1-18) Is 
valid in and near the worst scan planes, 0S « 0, ±60° ,±129', and 180* for the hexagonal 
array and 4  ■ 0, ±90", and 180* for the rectangular array. 

0 
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1 
th« array on either side of the selected reference.   Equation (1-17) can be simplified using 
the following definitions and series identity! 

Q ■ a + K* - iT) »a + JK d (sin Ö   - ein fl   ) 
% O X 8 sc 

Q'-a- % + ^)-«- JKodx(8111 ös + 8ln^ 

e^-l 

-MQ 

Equation (1-17) reduces to 

laf       l-e-MQ    l-e-^l (1-18) 

Equation (1-18) is an explicit expression for the active reflection coefficient 
Fas a function of the scan angle eg and the coupling properties Aof Cj, a, 0SC and a. 
These quantities are all knowable from coupling measure nents and from array scan 
Instructions.   The mismatch generally has two distinct maxima near ö

g a ±0
gc defined by 

equation (1-1.1).   For arrays having a slow decay of column coupling (a« 1), the 
magnitude of maximum mismatch Is 

r^VHW 5>l 
Experiments show (Figures 4-8 and 5-1) that this critical mismatch can approach unity 
(resulting In full reflection and no radiation) when the array Is steered toward these 
critical scan directions ± 6   .   Minima are located at 1^1 = ^.   The width uf a minima 
is obtained by equating real and Imaginary parts of Q or Q^  |^x - ^ | » a.   The width 
across a radiation minimum (or mismatch spike) Is 

a|sinösh-sine8C|-(f)(-^-) 

In Section n It will be seen that the array scanning mismatch determines the 
element power pattern, the antenna gain, and (In the case of a radar array) the target 
Illumination and echo Intensity vs. scan.   Equations (1-18) and (1-13) give the array scan 
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« - a        TM« lader dlrectlor correiponds to a hole In mismatch and critical scan direction e^.   This lader direc 
the elem mt power pattern and poor transmission and reception In the phased array rada 

A sample antenna element pattern Is shown In Figure 5-1. 

1.7 THEORY OF SURFACE WAVES ON A DIELECTRIC SLAB AND ITS ARRAY 
APPLICATION 

Next cclde, . .pecmc .taw «« .*.<*« c.«.«^ of « «f«^ '^ 
thickne.. "f over . periectl, co^tlog grouod pi»..  (E»ct ««ly.l. of thl. .Impl. 
ÜTw.« geo^y wm •«« f.««« U> «p^ «- effect, of co.np.ex ^e. 

on the scan performance of a real phased array.) 

1 e. 

e 

4 z 

t -»x 

An taf..1U nJber of TE «d T"M surf«, mode, ere po...ble -*» •^J^. 
dielectric ctad, metal .heet MeM above.   Each mode U an exact »hrtlon to Mmell 

:X f^thedlelectrlc .u-iary condition..   «^-f» ^ ^^T 
pLe wave (eqnatlon 1-W) m the .pace ontelde the dielectric (a >«.  Only the tevert 
TM  mode 1. atove cutoff tor aU freuende., aU dletoctrlc con^nt. ".••«-any 
dielectric thlcXne.. "f • above a metal .lab.   C. Walter4 give, the comptote field ex- 
p «etrLertlon of d.e.e Into the wave «.nation, yldd. a .et of three <*****. 
Zceln^ «nation., which can be rednced to the toeing UnpllcU exprclon tor 

the tangential prcsagatlon constant: y 

tan !{^ 
1 2^ e + y 

-e (r  +K0I 

"T2 T" eko+y 

(1-19) 

where 

n = modal Index In TMn surface mode 

y = a + J0 - tangential propagation constant of the surface wave 

v  - Jw/lmy = u/ß - surface wave velocity 

«v^W 
2 = inverse square of the surface wave velocity. 
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"   vTU SSJSar '• C0,,,Pto,,ly ,,e",W,' («1,,,,"0M 1-15 ««• '-'•> o-ce 
8   ^?,S?W"0,'C0M,»°t'',,,dt,,• ""«ted .«rtoc. „,. velocity v   can 

LIT 7?*** '0r t,,e ^ I0"Ie•8, dtel'C,rlC ^ *" *• to""' (™ ) mod.. In«rttag tato «„«tlon 1-1» the tollowU« two e^reseloo., 

2 

••tu"t-i?--{f)*--*0Cr)—>i*, 
yields 

TTTT 
(1-20) 

ta Url" - .^l!: ÜnP"Cl, ",teme,,' 0' ,,,e ",rlllCe W™ """^ "«*-«- - H > ta term, of .lab dletactrlc conetut e, and electrical thickness tA . 

cona^ t^'JI " * I"0t 0' "" •Ur'aCe nn Vel0Clty (v./co' " « *»«««« - -««trie 
^ « TT '^   ^ ,beCiäW - *• LU* ^ta«' ' "'vlded 
v  divided h, c0.   Each curve repreeent. a reified dielectric constant, e . ,0 la typical 

dletacT. T"""' * " * ^ ^^ ■" ■""""• - » *» teflon, and e -   . 2 for soT dWec. ic to™.  „ c.n „. ..en ^ „. „^ ^ ^ moilololllcaUy 

with increa«. in either dielectric constant and/or electrical thlctaess.   Each curve tas 
two asymptotes.   These are «.acn curve Has 

tor thin, light dielectrics -Sal- ar2(l.)   Ie - })* 

for thick, dense slabs     Is »   > fi +      1 

L      32e(—>   J 
o 
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I 
I Phjriical consideration« require that equation (T-20) be real for all t äO, for all k  »0 

o "   ' 
»nd tor all e a 1.   Thia lead» to the following bounds on the surface wave velocity: 

v   v        o 
(1-21) 

The lower bound indicates that the surface wave velocity is always greater than the 
velocity of a plane wave in the infinite dielectric.   W is approached for very thick dielectric 
slabs.   The upper bound requires that the surface wave always travel slower than light 
in free space; this is approached for a very thin sheet of low dielectric constant. 

An important application of surface wave theory is the determining of scan 
limitations of phased arrays.   Two phased arrays were analyzed.   In both cases array 
theory was corroborated by the continuous surface wave analysis.   The second application 
Included experimental verification. 

The first application was an Infinite, planar array of slot antennas covered by a 
dielectric sheet.   The active array adaUttance determined (Appendix A) by Fourier 
transform techniques had poles (Y act -• •) at certain critical scan angles.   The cor- 
responding surtoce wave velocity on the array was computed.   This value of velocity was 
compared with the surface wave velocity on a smooth, dielectric clad metal sheet using 
equaHon (1-20).   The equations for the two surface wave veloc Itles (for the array and for the 

smooth dielectric sheet on a continuous conductor) agreed perfectly, Indicating that the 
surfkce wave retardation caused by a dielectric cover over a slot array can be computed 
from the theory of surface waves over a continuous surface. 

A second application of surface wave theory Is the estimating of the surface wave 
retardation caused by hemispheric radomes over an array of coaxial horns.   The coaxial 
horn array (MAR I type) Is described In Section m.  The radomes are thin dielectric 
hemispheres of dielectric constant e » 6, electrical thickness T/x  » 0.018   and 

o radome height h/x   » 0.345. 
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I Thl. r«I arr.y poetry (.ketch«« .t left) u too compl« tor e»«t »urtoce were 

eoto ton.   An e,ectrortlltlc aMlog „^„^ ^ R  amk^ ^^ ^^ ^ ^ 

heml.ph.nc »to« con.tot, of . „mtorm flnt dtotoctrlc .tob h.^, th. ^ r-ome 

h.lght and an .«.cttv. dtotectrlc «Mont gt,«, by th. tormuto 

e = 
eV  + e^V 

Q        O   O 

a    o 
1.36 

whore 

V, - volume of the hemtopherlc dtolMtrlc radome/untt area of array 

V0 - rolum. of air/unit ar« urf to a holght "h" abov. the ground, 

»to «»tog ha. an ...ctrortatlc cp«ltaKe per unit area approalmatü« «... of th, real 

and parauel to the radome rteU for the TM, mode on the «ray.  (Electric ftold. 
pen^toutor to a «to radome T . .. 0,^ have negHg«,.. toflue.e on .ur^a .ave 

In thto «m^., tl» ftot .he« anak« ,„,;.,. M am, hA     „.,«,   „ B 

on.y on. pr^ttog mode (TM,, wfth a vetocfty ,.. p.r cmt ..„Vn th. «locfty^ 

«,. h. ■",e
l.
r""at'0,, ""• 0' "• "* "«' — -»«^ed betore a«, after removal of , 

the hemtopherto radome.. The nuU .h« correepond. to . 7 p.r c.rt toe«.« to .„rfl 
«« valoc.^ ,h.ch agr«. ..„ wlth ^ 7., „., „„ „^ ^ ^^ ^ 

tte crude mrtoce „ve analog.   (Array «an covenMte tocr«^ 10- or more to .11 
direction, after removing the radome. and rematchlng the array.) 

S66 12 
1-22 



I 
I 
I 
0 
I 
I 
I 
i 
I 
D 

D 
0 
0 
D 
C 
0 
c 
c 

SECTION n 

SCAN RELATIONSHIPS IN PLANAR PHASED ARRAYS 

21   INTRODUCTION 

Radiation performance of a planar array is a function of scan angle and usually 
deteriorates sharply as the scan angle $s approaches 90°.   The exact character of this 
scan degradation depends on the design at the antenna element and on array geometry. 
However, for any given array design there exist certain fixed relationships between the 
scan variables, specifically: 

1) radiation power density in a selected direction, 

2) element «u'lation pattern in the array, ' 

3) array efficiency, 

4) active impedance mismatch, and 

5) solid angle spanned by the radiation beam. 

This section will derive equations relating these phased array scan variables. 

The derivation is based on equating the power delivered by the feed lines to the 
power radiated by the array.   It is complicated by the fact that different elements in the 

array can have differing radiation and impedance characieristice because of antenna, 
element nonunlformity,  space taper,  or edge effects.   Effects of these array 
inhomogeneities are included in the subsequent analysis. 

A large,  planar phased array together with its coordmate system was shown in 
Figure 1-1.   Electrical phase delays (for beam steering) were given in equations (1-2) and 
(1-3).   The following additional symbols will now be defined: 

0,0 = spherical radiation angles 

^s' ^ * arr,ly 8teering direction 

m incident transmission line voltage driving the m™ antenna element 

866-12 
2-1 



'■, 

Em(00) = electric field radiated by the ir    element per unit Incident line voltage- 
with the rest of the array elenwrnts terminated in Z 

* o 

Es = field radiated by the fully excited array. 

rt   = total power available from the full active array 

P(0808) = power radiated by the fully excited array 

ijfijj = array efficiency =   power radiated by the array a   s 8 power consumed by the array 

riii^tV" active reflection coefficient at m01 element, with array fully excited 

Zo = characteristic impedance of the transmission lines 

No = characteristic ^ipedance of free space = S77 ohms 

2.2  POWER CONSERVATION 

The total power available from a phased array is independent of scan 

2 
Pa =2 ml 

m    2Z o 

The total power delivered depends on array scan direction, efficiency, and active mismatch 

2 

(2-1) 

pVs)=vws^{i-irm(Win 
ID O        ^ y 

*■ ^      o m 

where a mean array reflection coefficient is here defined as 

UV2 ' IW.>I2 ] 

(2-ja 

|r(9a6)|2- 
mil  m 

=hU 
m m1 (2-3) 

If the active reflection coefficient is the same throughout the army then that is also the 
value of the mean reflection coefficient. Otherwise, it is the weighted average given in 
equation (2-3). 

2-2 
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The net ndtoted field intensity ir the linear superpoRitia. of contributions from 
each antenna element in the array.   The resulting sumiLation is a function of the angular 
location d the observer (00) and of the direction of array electrical scan {6 6).   The 

8  B 
electric field radiated in the direction of scan (0 » 6   and 0 » 0 ) is: 

E=C!)a I V« E«(Vs)-ffVs^!vml (2-4) 

where the mean element pattern has been defined as 

r 
. Vm EmW 
~TO  (2-5) 

If the element pattern is homogeneous throughout the array 5 then the mean and homo- 
geneous element patterns are the same.   Otherwise the Wean pattern is a weighted average 
given in equation (2-5).   For radiation in the direction of scan (9 = 9 , 0 = $ ), the 

6 S 
radiation retardation and the steering phase advance t//   are exact compliments for every 
element in the array.   These canceling phases are hence deleted from the drives V m 
and the element responses Ei9J>J and E(0 6 ) in equations (2-4) and (2-5). 

ui     SB 8   8 

Equation (2-4) shows that, in any scan direction, a phased array radiates a field 
intensity proportional to the mean element pattern. (The factor f S (V M is a constant 
for aU scan directions.) Im / 

Total far field power radiated by a phased array is the integral of the power density 
over any sphere in the far field.   The observer coordinates (0,0) are now treated as 
integrattuu variables, and steering angles (0_0-) are held constant during integration. 

8   8 

*ßjj-ff aw *'Srtt lEs(0es00s)l2d« 
o o s^s (2-6) 

Next an effective solid angle a surrounding each major radiation lobe in real 
space is defined 

-    //|E2i(008008)|
2dn /;|ESi(0800s0)J2da 

2" iw.^.ä ^.„  ^2 V 
E £i 

^.V.' l^0)|^|Vm|| 
(2-7) 
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I 
I CombMng „uatio« (2.6) and „.„ ^ ^ , 

ar™, » tanns of .he effecUve Mid «^ eurrollmltag e.ch        *?" "**** ^ "* 
major beam 

.^M1 

o ML        * 1'    i 
GL 

(2-8) 

wher,  2 L ta^ 8mninatlon over ^ ^ ^ ^ ^ ^^ ^ 

GL 

^ »«*, .he ne. r.^ power (2-B, wi«. «. « „ower deUve.«. h, .he .„., (2-2) 

GL 

N 2 IV 
o    x m m 

Zo^ Ws^1-!^)/2} 

The factor in square brackets is a'bonstant C0 for 
illumination taper.   The scan dependence is 

\ for any target range and antenna 

*LiwA - svw I1 -1 ^v i2} • 
GL J (2-9) 

If the phased array radiates only one major lobe in real space then th.^ ».   . 
summation reduces to a single term describing that steered loL ^ 

i^W/^(Vs) = c2VW(-|r(w/2|. (2_io) 

2. 3 ARPAY SCANNING VARIATIONS 

^ ^ ^We en oomi.re .he ^..„o .^^ „ any ^ ar„y ^^ ^^ 

2     A *      ^ 

fVi^K^ .a(¥l) i-i?(W|2  ^ 
(2-11) 
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Equation (2-11) shows that the target Ulviminatlon and mean element radiation power 
pattern are each proportional to the array efficiency (dissipative and reflective) and in- 

versely proportional to the effective radiation solid angle ü . 

The effective radiation solid (2 can be computed from the integral of the array 
radiation pattern via definition (2-7).   This spherical integral contains contributions from 

21 
the area of the main lobe plus contributions from ths surrounding sidelobes.  R.S. Elliott 
provided equations for estimating the main lobe bean width and its solid angle.   However, 
thinned arrays or arrays of Tchebyscheff design can radiate substantial power into side- 
lobes and this contribution must be considered in (2-7). Sidelobes of the Tchebyscheff form 
add an effective radiation solid angle which is approximately 1/4 of their normalized peak 
power times the spherical angle occupied by these sidelobes. 

If the w.de angle sidelobe power is negligible, and if the array is not steered close 
to end fire, then equation (2-11) yields the following radar scan equation: 

p(0i*i)   Nwi*   n^t)  i-In^)^   cose (2_i2) 

p(V2)= l^)!2 = "^X^^W'2 XC0892 
Beam field intensity and element power pattern are each proportional to the 

dissipative and reflective efficiency of the array Jmes the cosine of the scan ang'e.   Con- 
stant array efficiency and match imply a cosine element power pattern, as was pointed out 

in Reference 6. 

The intensity of radiation from a phased array decreases with increasing scan angle 
according to equation (2-12).   The cosine 0 factor is weakest for scanning near "end-fire". 
A planar array having a 1° circular beam at broadside will have a 1° x 11° oval beam near 
"end-fire", which in a radar will contribute a two-way echo degradation excef ' ig 20 db. 

7  ft   ft  IP  l'f 
Further substantial losses can accrue from impedance mismatch,'  »    »   '»     usually 

worst when a major lobe approaches "end-fire". 

In summary, equations have been derived relating several critical phased array 
performance figures:   target illumination, antenna element pattern, array efficiency, im- 
pedance mismatch, and effective radiation solid angle.   Each depends on the electrical 
scanning of the array {9 0 ).   Element radiation pattern in a passive array and active mis- 

9   S 

match in a phase steered array are seen to be equivalent representations of array scanning 
performance.   Results apply to any large, planar, phased array.   Included is an upper 
bound on wide angle performance of planar, phased array systems when perfectly matched 

and lossless. 
2-5 



SECTION m 

ARRAY MEASUREMENT PROCEDURE 

3.1   ANTENNA-ARRAY GEOMETRY 

To check the theory discussed in the preceeding sections several arrays were 
assembled and subjected to extensive electrical measurements.   These antenna elements 
their modification, and the tests carried out will be described in the following sections. 

Figure 1-5 shows the basic antenna element.   This antenna and various modifications 
of it was used in all the tests.   It is a coaxial horn consisting of a pair of concentric 
cylinders propagating the TEn mode, as sketched in the top view of the antenna    This 
mode is launched by a radial probe a quarter wavelength from the bottom of the coaxial 

cavity.   It travels up through a dielectric quarter-wave-plate, radiating circular polariza- 
tion    The reverse sense circular polarization couples to an orthogonal probe and resistive 
load inside each antenna element.   Linear polarization is obtained by removing the quarter- 
wave-plates. »«quarter 

These coaxial horn antennas were assembled in several different planar arrays 
each having a uniform, hexagonal, interelement geometry and a rectangular periphery ' 
Figure 3-1 is a photograph of an array containing 48 complete antenna elements plus 17 
"dummies-.   The dummies were internally matched (both ports); they lacked external 
co^ecf;ions but were otherwise complete antemu«.   The dummies (from another applica- 
tion) wtre located around the edge of the arrays to increase its effective size. 

Each antenna element was inspected physically and electrically prior to use in the 
array.   Electrical inspection included measurement rf the passive impedance match S 
and the radiation pattern (amplitude and phase) of each antenna element. 

TH      .A TT^ gr0Und Plane ^^ SeVeral inChe8 b^ond the ar«y on all four sides 
The ends of the ground plane were rolled back to reduce the effects of edge current dis- 
continuities on radiation pattern and active impedance.   The entire anuy was supported on 
aturntablefor measurement of radiation patterns. 

A variety of antenna and array shapes were constructed and measured to detemine 
the effect, of various array design variables on array scan performance.   These variables 
included 

1) polarization (circular and linear) 

2) radomes (on and off) 

S66-12 
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Figure 3-1.   65 Element Array 
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3) grooves in ground plane between elements (present or absent) 

4) scan plane (two, in the x-z and the y-z planes) 

5) driving impedance (five) 

When any cnange was made all elements were changed identically to preserve array 
uniformity.   After each array modification, radiation patterns of the central element were 
measured at several different microwave frequencies spaced uniformly over a 15% band. 
All electrical tests were in the microwave "L" band, where the free space wavelength is 
several inches. 

3. 2   RADIATION PATTERN MEASUREMENT PROCEDURE 

All element radiation patterns were measured on a forty-foot outdoor antenna range 
(Figure 3-2).   A signal source and dipole feed illuminated a four foot paraboloidal trans- 
mitter antenna.   The electrical center of this transmitter beam was pointed at the central 
element { „ ~ 0} in the receiver array under test.   Illumination was nearly uniform in 
amplitude and phase across the array.   The array was mounted on an azimuth turntable 
(Figure 3-1) with the aperture of the central element directly over the turntable axis of 
rotation. 

The feed dipole at the transmitter dish could be rotated to provide a rapid measure 
of the polarization ellipse of the array under test.   Stepping the dipole orientation provided 
any linear polarizavion at the transmitter f?.cility without tilting the transmitted beam. 

When the transmitter dipole feed is horizontal, its radiated electric field is also horizontal 
linear and in the plane of scan of the array.   When the transmitter dipole is vertical the 
radiated electric field is vertical, and orthogonal to the plane of scan. 

A hexagonal array (e. g., Figure 4-1) is a periodic structure.   Its periodicity can 
be used to reduce or to check electrical measurements.   Physical congruence occurs for 
every rotation about the normal, A0 = 60°.   Radiation pattern cuts were taken in the inter- 
cardinal (0 = 0 and 180°) and cardinal (0 = 90° and 270*) planes.   Radiation cuts are in the 
intercardinal plane when the array is mounted as shown in Figure 3-1.   Standing the array 
on end (Figure 3-3) permits radiation measurements in the cardinal plane.   Most radiation 
patterns were measured in an intercardinal plane, where the large effective spacing between 
elements limits array scan coverage. 

see-uj 3-3 
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Figure 3-2.   Antenna Test Range 
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Figure 3-3.   Array Rotating in Cardinal Plane 
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The element radiation pattern is obtained by uniformly illuminating the array (by 
an incident plane wave) and measuring the microwave signal received by the central (0.0) 
ante»» as a function of turntable rotation.   The turntable rotates at a very slow uniform 
rate aitd the received power is recorded (logarithmically) as a function of turntable posi- 
tion (in degrees).   Subsequent radiation plots wiil show these two variables in cartesian 
coordinates for various »rray geometries. 

By reciprocity, the receive pattern of the central element is identical to its transmit 
pattern in the same array environment.   Thus, the four foot paraboloid and its rotatable 
dipole feed can be thought of as measuring the linear electric field components radiated by 
a single driven transmitter element a; the array center. 

Only the radiation patterns of tbo individually connected central array element were 
measured.   Section u    showed that the mean element pattern contains complete informa- 
tion regarding the array scan capabUities, including the transmitter array gain, target 
illumination intensity, receiver array receptivity (or effective height), and array mismatch 
loss vs. scan.   Measurement of the normalized element radiation pattern at an angle 0 
from broadside yields the normalized active array radiation (gain) when steered to this 
same scan angle (0   = ej. 

S i. 

Scan performance of a phased array depends on the character of the beam forming 
network interconnecting the antenna elements.   Frequently, each antenna element connects 
individually to an amplifier or other isolating device, having unifonn impedances Zg.   This 
phased array radiation performance is reproduced in the radiation pattern of the central 
element when all the neighbors are terminated iu the same Zg.   In this study, Zg = 50 n, 
except where stated otherwise. 

D 
I 

3. 3 MUTUAL COUPUNG MEASUREMENT PROCEDURE 

In a phased array every antenna element couples to every other element.   Each 
coupling coefficient is a complex quantity whose amplitude and phase depend on the inter- 
element separation and direction, and on other antenna design factors.   Theae coupling 
coefficients and known antenna element excitations together completely determine the 
antenna active impedance (equation 1-1) and the array scan capability. 

The procedure used to measure the coupling coefficients is based on the scattering 
matrix representat&n.   The coupling coefficient Smn is defined as the complex ratio of 

S66-12 
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signal received at the (m, n)th element, to that delivered to the central (0,0)th element. 
A transmitter was connected to the central element (m I «} and all neighbors were 
terminated in 50 ß coaxial resistors.   A matched receiver was then connected sequentially 
to each of the neighboring antenna ports; the amplitude and phase of the signal received at 
each port was recorded.   These measurements give one row (or column) of coupling co- 
efficients in the square, symmetric, non-unitary, scattering matrix.   They are sufficient 
to define the active impedance (vs. scan) of the central element in a large phased array. 

In a smaller array, additional coupling measurements are useful to simulate big 
array performance.   The simulation is oased on the invariancc- of the coupling coefficie .t 
under simultaneous equal translation of both transmitter and receiver.   This invariance is 
a consequence of the periodic character of the large, uniformly spaced planar array.   This 
invariance was verified experimentally (within 1 db in amplitude and 0.05 cycles in phase) 
in our test array, even for the condition in which one antenna is only one row or column 
away from the a-ray edge.   Additional coupling measurements were made with the 
generator connected to other than the central (0,0) antenna, and the receiver moved 
sequentially to selected neighboring antennas.   These measurements were used to construct 
an array coupling model containing up to 78 effective antenna elements. 

Separate measurements were m^de of the amplitude and phase of each coupling 
coefficient.   Coupling amplitude was measured with a calibrated attenuator, bolometer, 
and a HP-415b amplifier-meter. 

The phases of the coupling coefficients were measured vising the double probe phase 
meter shown in the block diagram (Figure 3-4).   A stable sine wave oscillator feeds two 
microwave paths thru a power divider.   The microwave path at the top and right of 
Figure 3-4 contains the coupled elements in the antenna array to be measured.   The 

microwave path on the left side of the figure is the reference arm containing the precision 
attenuator and {Aase shifter.   The two microwave paths recombine in a slotted line. 

g 
Balance is indicated by the switched doubl? probe method. 
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SECTION IV 

MUTUAL COUPLING DATA 

The previous section described the antenna--».ray geometry and the electrical 

procedures used to evaluate its performance.   Numerous physical changes were made in 

the array and extensive radiation patterns were measured following each change.   These 

tests were aimed at determining those antenna-array design factors affecting array scan 

performance.   In addition, two sets of complex coupling coefficients were measured, 

one set for the linearly polarized array and one set for the circularly polarized array. 

The object of these coupling tests was to construct a mathematical model of the array 

coupling mechanism and so to better understand the radar scan limitations growing out 

of mutual coupling accumulation. 

4.1   MEASURED COUPLING BETWEEN ELEMENTS 

Figures 4-1 and 4-2 are maps showing the mutual coupling coefficients measured 

in arrays of linearly and circularly polarized antenna elements respectively.   The central 

antenna element (™~0) was driven and the coupled signal was measured at the termi- 

nals of each remaining antenna.   Circles In Figures 4-1 and 4-2 locate the antenna ele- 

ments.   Two entries appear in eich circle; the upper entry represents the measured 

coupling Intensity In db, the lower entry the coupling phase delay In cycles.   The coupled 

Intensity Is normalized to the wave Incident on the central element.   Coupling phase delays 

are all relative to the phase of coupling between antenna pair (ir1^!) and (m^}). 

The decimal part of the phase was measured unambiguously.   The Integer part was 

estimated based on a radial propagation slightly slowt   than light.   Circularly polarized 

elements have an additional phase delay    equal to twice the angular coordinate 4 between 

the coupled elements.   These two phase delays were added and the nearest Integer was 

recorded on the coupling coefficient maps. 

Coupling between antenna pairs has a phase and amplitude each dependent on their 

separation distance R and direction 6.   Figures 4-3 and 4-4 are plots of coupling Intensity 

vs. distance for linearly and circularly polarized arrays respectively.   Chart entries 

appear at the discrete positions of the antenna center .lines In the array.   Lines connect 

measured coupling between the central element and others along the principal diagonals 
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I 
of the array (4 - *3(f and ±150°).   Isolated points represent coupling to elements off the 
principal diagonals.   Coupling Intensities In Figures 4-3 and 4-4 differ both In Initial value 
and In decay rate.   Linearly polarized coupling Is generally more Intense than circularly 
polarized coupling.   Very little power Is delivered to the orthogonal ports in a linearly 
polarized array, whereas In the circularly polarized array appreciable power is coupled 
Into the reverse screw sense port.   This orthogonal component of the mutual coupling is 
dissipated within the antenna elements.   It does not appear at the antenna terminals and is 

not Included In the coupling data presented here. 

Figures 4-5 and 4-6 show the phase delay of the coupling vs. distance R and direc- 
tion 0.   In the linearly polarized array (Figure 4-5), coupling phase delay is linearly 
proportional to distance R and nearly Independent of angles 4.   In the circularly polarized 
array (Figure 4-6), coupling delay Is linearly proportional to distance R and has an addi- 
tional delay 2*.   This latter dependence accounts for the vertical displacement of about 
0. 333 cycles (120 electrical degrees) between the 3 diagonal lines connecting coupling 
phase data In the 3 cardinal planes of the circularly polarized array (Figure 4-6). 

The coupling phase delays (Figures 4-5 and 4-6) are linearly proportional to 
distance.   This Is very Important.   It suggests a coupling emanating from the central ele- 
ment and pi    agatlng radially outward at a velocity slightly less than the velocity of light 
In free space.   The slopes of these curves suggest that the velocity of propagation is 0.90 

c   for both arrays. 
0 

4.2  C»LUMN COUPLING COEFFICIENTS 

Interelement coupling coefficients (obt lined from array measurements) were 
summed along each column to obtain empirical column couplings as defined in equa:,on(l-8). 
The results are plotted in Figures 1-3, 1-4, 1-6 and 1-7.   Figures 1-6 and 1-7 show the 
Intensify of the column coupling vs. column index I m i   or distance, t m Id^.   For separations 

I ml "> 1, the coupling wave appears to deoay exponentially as suggested by the Zenneck 

Surface wave theory.   The fit between empirical data and He exponential decay is crude and is 
sensitive to small measurement errors. An exact knowledge of the coupling amplitudes is not 
vital to the determination of the array critical scan directions; the coupling phase is the im - 
portant parameter and for that a good mathematical model was developed In Section I.   The 
analysis of coupling accumulation at the critical scan angles was based on stationary phase 
concepts applied to the column coupling contributions. The relative phases of the column 

coupling coefficients are crucial. 
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Figures 1-3 and 1-4 show the phase of the column coupling coefficients vs. the 
distance between the coupled column and the reference element.   Dots represent experi- 
mental data, and the straight line is a best fit to this data.   Again, the phase linearity is 
excellent, suggesting a uniform velocity, slow wave, coupling mechanism similar to the 
Zenneck Surface Wave.   Actual coupling velocity depends on array design.   Empirical data 
In Figures 1-S and 1-4 suggest coupling velocities of 90 to 92'* In these arrays, with a 
probable accuracy of ±1%.   The coupling velocity Is nearly Independent of antenna polariza- 
tion and also seems to be nearly the same for element and column coupling.   In the next 
section It will be seen that the coupling velocity depends strongly on frequency. Inter- 
element spacing Ro, and on dielectrics.     This nearly uniform coupling phase velocity and 
phase delay per column (j^j) were used, In equations 1-10 thru 1-13, to Identify the 
critical scan directions.   Measured element radiation patterns show deep nulls In these 
same critical scan directions, as will be seen In the next section. 

The straight line variation of phase delay vs. distance between columns has a 
direct Impact on array scan performance, and on radar coverage, as a specific example. 
To steer a phased array In the azimuth plane, all antennas in a column are driven ln-phase 
and consecutive columns have a uniform phase progression.   Thus, a plot of array steering 
phase shifts vs. array column Index would also be a straight line with a slope proportional 
to the cosine of the steering angle (equation 1-3).   When the array Is steered so that the 
steering phase advances match the column coupling delays, many coupling contributions 
Add ln-phase to produce a large electrical reflection Inside the (radar) system, and 
relatively little transmission through the array face.   This Is the critical scan condition 
analyzed In the first pavt of this report. 

4.3  ARRAY ACTIVE IMPEDANCE 
-( 

Equation (1-4) showed that the active reflection coefficient (Impedance mismatch) 
of any element In a phased array can be determined exactly from a knowledge of the array 
steering Instructions (*, ^ ) and mutual coupling coefficients (S    ).   For the uniform 

i .. » A   J mn 
planar array being studied, the steering Instructions are known from equation (1-3); the 
mutual coupling coefficients were measured and reported In Figures 4-1 and 4-2.   The 
resultant array mismatch can be computed for any array scan angle.   This was done In 
the case of the linearly polarized array scanned In th^ Intercardlnal (E) plant, (<t> »0). 

s 
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Th» 77 complex coupling coefficients In Figure 4-1 were summed according to equatlcn(l-7). 
The passive mismatch of the central element (8^) Is quite small and independent of 
scan angle.  It was omitted from this sum 

Figure 4-7 Is a Smith plot of the array Impedance change with scan angle.   Best 
match occurs around 40»; this Is confirmed by the element radiation pattern which has 
high corners near the same angle.   Array mismatch is large and rapidly varying for scan 
angles between 55° and 6f>0.   The corresponding radiation pattern had minima at scan 
angles slightly less than 65».   In Fiture 4-7 the magnitude of the mismatch never exceeded 
0.6, which appears to be a consequence of the finite array size.   Larger arrays were 
considered, and their scanning impedances were estimated by linear extrapolation of the 
measured coupling data In Figures 1-3 and 1-6.   Addition of four hypothetical columns on 
the left and four on the right of the previous array yields a 126 element array with the 
scanning mismatch shown la Flguro 4-8.   The active impedance of this array has been 
normalised for best Impedance match near broadside.   The added columns contribute very 
little to the active Impedance of the array when scanned near broadside (\B (<40»), since 
their coupling contributions have diverse phase angles here.   The added cofumns signifi- 
cantly Increase the array mismatch In the critical scan region (55° * |fl  j <= 65°) where 
all elements added to one side of the array couple In-pharie. Maximum mismatch Is 0.8 
at a scan angle of about W.   Further Increases In the hypothetical array size result In 
further Increases In the estimated active mismatch near the critical scan angle. 

The maximum value of the active mismatch and the depth of the corresponding 
radiation hole have not been determined.   Measurements of the radiation patterns of a 361 
element array of rectangular horns (Reference 11) and of an even larger array of coaxial 
horns (Appendix C) both Indicate that the loss at critical scan can exceed 15 decibels 
(30 db In a two-way radar). 
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SECTION V 

MEASURED RADIATION PERFORMANCE 

Many factors in the design of a phased array antenna influence its scan coverage. A 
planar array of uniformly spaced coaxi&l horn antennas (Figye 3-1) was the test vehicle 
used to evaluate the effecte of some of these array design choices on scan coverage.   The 
variables included interelement spacing, element polarization, plane of scan, presence of 
radomes, shape of the ground plane, generator impedance, and microwave frequency. 
Each of these changes was made uniformly on every element in the array.   Each physical 
change was followed by measurement at several test frequencies of the radiation pattern 
of the central antenna element in the homogeneous array of passively terminated neighbors'. 
Four representative radiation patterns are shown and explained.   The scan coverage effects 
of the various array modifications are summarized simply by stating (or plotting) the 
presence and location of the critical scan angle in the intercardinal plane. 

5.1  REPRESENTATIVE RADIATION PATTERNS 

Figures 5-1 through 5-4 are radiation patterns of the coaxial horns under a single 
test condition.  The antennas were circularly polarized, with hemispheric radomes and 
grooves in the ground plane between elements.   Effective interelement spacing was 
dx = 0.506Xo.   Pattern cuts were in the intercardinal plane of the array.  The central 
element was connected to a receiver and automatic recorder.  All remaining antennas 
were uniformly terminated in open circuits, short circuits, or 50 ohm resistors as 
indicated.   Each pattern is a cartesian plot of radiation intensity in decibels vs. radiation 
angle in degrees from broadside.   Three radiation patterns were measured in the inter- 
cardinal pl?ue.   The first radiation pattern shows the element response to an electric 
field in the plane of scan; the second shows the response to an electric field perpendicular 
to the plane of scan; and the third shows the array polarization ellipticity and net power 
density vs. radiation direction. 

Figure 5-1 shows the element radiation pattern for the electric field component in 
the plane of scan (lineal^horizontal polarization).   Hadiation intensity is nearly uniform 
within an angle of ±55° from broadside.   (The small ripple is attributed to array edge 
effects.) Deep radiation holes appear around ±65°.   The a .tenna element had been 
previously tested as a single element on a large ground plane.   The isolated antenna 
pattern showed good coverage with no radiation holes.   When placed in an array of like 
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elementa null» appeared, as shown here.   These nulls are a consequence of coupling to 
many neighboring elements and their re-radlation with a phase delay such as to nearly 
cancel the direct radiation from the central (active) element, at the critical scan angle. 
Equation (2-13) shows that a deep hole in the element pattern (of a single lobed array) 
implies a large impedance mismatch (|rM) in the active phased array steered to this 
same angle.   Equation (1-13) gives the slow wave coupling velocity (v   = 93%) correspond- 
ing to this critical scan angle (eBC = ±65») and electrical spacing (d   = 0. 50^ )    The 

mutual coupling phase measurements (Figures 4-6 and 1-4) provided independent check 
on the coupling velocity and also show v8 * 0.93co.   Note that the radiation pattern 
(Figure 5-1) drops sharply at 55», and has a radiation minimum at ±65», whereas 

equation (1-14) shows that the grating lobe peak remains outside real space until the array 
is scanned to ±78°.   Real array covera-e is about 23» less than that predicted by the 
emergence of the grating lobe maximum into real space.   Grating lobe suppression has 
been the criterion commonly used to determine interelement spacing and array scan 
coverage.   That criterion is inadequate for arrays which support slow wave coupling and 
must be replaced by the formula for the critical scan angle of equation (1-13). 

Figure 5-2 shows measured element radiation patterns with the electric field 
component perpendicular to the plane of scan (vertical polarization).   The coverage is 
smooth and broad.   No nulls occur within the forward half circle.   The lack of nulls in 
Figure 5-2 can be explained in terms of the TMo surface wave mode.   This is the lowest 
order surface wave which can propagate over a metallic ground plane.   This mode is 
believed to be the coupling mechanism causing the nulls in Figure 5-1.   This ideal mode 

does not have an electric field component parallel to the ground plane (vertical polarization) 
Consequently, the parasitic elements cannot re-radiate this destructive component and the 
smooth "free-space" element pattern is preserved as seen in Figure 5-2. 

Figure 5-3 is the radiation pattern of the same circularly polarized coaxial horn 
using a facility with rotating linear polarization.   The top and bottom cur.es are envelopes 
of the polarization ellipse; their vertical separation is the radiation ellipticity.   The 
central curve is a plot of the net radiation power denary vs. angle.   It is also the median 
antenna response to a randomly oriented linear poJr. ization.   This antenna element had 
excellent internal circularity and good raduted circularity except near the critical scan 
region, where polarization became linear and perpendicular to the plane of scan    The 
depolarizir, mechanism is a surface wave external to the array.   Consequently  any 
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internal electronic techniques for polarization diacrimination would be Ineffective near the 
critical scan directions of a phased array. 

The three previous figures showed element radiation patterns measured in the 
intercardinal plane of a hexagonal array of coaxial horns.   Figure 5-4 shows the radiation 
pattern of the same element, in the same array, measured at the same frequency, but in 
a cardinal plane.   In this plane, there are no radiation nulls for either linear polarization 
component.   This is a consequence of the close effective antenna spacing in the cardinal 
planes (dy=dx/yr   =  0. 557 dx as seen in Figure 4-1). 

Figure 5-5 is an orthographic projection of the hemisphere in front of a planar 
Phased array.   It is a sketch showing the regions of large coupling accumulation and low 
radiation efficiency (shaded area), and the region of strong army coverage (white interior). 
The size and location of the region of poor radiation efficiency depend on the interelement 
spacing, and coupling velocity.   The parameters Ro = 0. 585A , d   = 0. 506A , and 

vg = 0.93co were used in Figure 5-5.   These are the actual values from ^previous 

array radiation measurements.   Figures 5-1, 5-2 and 5-3 -ere antenna element radiation 
cuts in the Intercardinal plane <, = ^).   Figure 5-4 was a radiation cut In the cardinal 
plane 0 = (^J.   These radiation patterns are array performance "cross-sections" In the 
principal planes of Figure 5-5. 

5.2   MEASURED RADIATION NULLS 

Next consider the Influence of frequency "f" and electrical spacing between 
elements (R^) on measured array scan coverage.   The physical character of the array 
(Figure 3-1) remained unchanged; only the microwave frequency was changed, In six steps 
across a 10% frequency band.   After each frequency change, the element radiation pattern 
was measured (In the Intercardinal plane).   These element radiation patterns resembled 
the radiation plots given In the previous section (Figures 5-1, 5-2 and 5-3).   The electric 
field radiation component In the plane of scan nearly vanished at a critical scan angle 
which depended on frequency and electrical spacing betweea elements in the array.   In 

Figure 5-6 the angle of these radiation nulls 9Bc is plotted as a function of Inter-element 
spacing (dxAo).   The vertical dashed lines represent the six discrete frequencies (and 
electrical spaclngs) at which radiation patterns were measured.   The points plotted as X 
locate the nulls In the measured antenna element pattern. 
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Equation (1-13) gave a functional relationship between the critical scan angle f7gc, 

the array electrical spacing (dxA0), and the coupling velocity vg 
This relationship 

yields the lower five curves in Figure 5-6.   The upper curves show the location of the 

real grating lobe vs. scan angle and array spacing.   The defining equations are 

sin 0. ■{£)- sind GL 

and 

"-vHrHd 
Hence, the similarity between the contours for constant coupling velocity and for constant 

grating lobe angle. 

Array mutual coupling coefficients were measured at several frequencies (the 

same ones used in the above radiation pattern measurements).   At each frequency the 

coupling velocity and critical scan angle were computed using equations (1-10) and (1-13). 

These critical scan angles (based on mutual coupling coefficient measurements) are plotted 

as M0" in Figure 5-6.   We can compare the minima in the measured radiation patterns 

"X" to the critical scan angles obtained from coupling measurements "0".   In nearly every 

case, the critical scan angle based on coupling data matched the first minimum in the 

element radiation pattern.   The scan coverage of this phased array is limited by slow 

wave coupling accumulation. 

Next, the array of coaxial horns was converted from circular to linear polariza- 

tion by removing the quarter-wave-plitte from each antenna element (Figure 1-5).   The 

plane of linear polarization was made to coincide with the intercardinal plane of the 

hexagonal array, and the element radiation patterns were measured in this same (hori- 

zontal) plane.   These are the conditions conducive to launching and propagating a surface 

wave on the arra> face. 

The linearly polarized array radiated practically no vertical (cross polarized) 

energy at any angle in the intercardinal plane.   (This is to be expected of a well constructed, 

horizontally polarized antenna element in a homogeneous symmetric array).   The linearly 

polarized array radiates (or receives) horizontally polarized signals.   Its element 

radiation pattern closely resembles Figure 5-1 which showed the horizontal component 

of radiation from the circularly polarized array. 
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Linearly polarized element radiation patterns were measured at eight frequencies 

over a 17% band.   Deep nulls were found only at the four highest frequencies (four largest 
values of d^).   These measured nulls appear as "X" on Figure 5-7.   No deep nulls were 

found at the four lowest frequencies (vertical dashed lines).   The nuU positions were 

similar for linearly and circularly polarized arrays.   The null depths varied considerably 

with frequency and polarization.   Usually, the circularly polarized array had the sharper 

and deeper nulls.   This could be a consequence of the looser, slowly decaying terminal 
coupling and consequent larger coupling area in the circularly polarized array. 

In the previous arrays, each antenna element was covered with a hemispheric 
radome (Figure 1-5).   These radomes had a dielectric constant e = 6.0, a thickness 

T Ao = 0.018, and a radius rAo = 0. 3.  All radomes were removed to determine their 

effect on array performance.   A large element mismatch resulted (VSWR = 3).   The 

elements were rematched by identically reducing the diameter and length of the center 

conductor in each antenna of the array.   A passive (Soo) match of better than 2.0 VSWR 

was achieved over the 17% frequency band.   Figure 5-8 is a photo of this array. 

Element radiation patterns were measured in the intercardinal plane at eight 

microwave frequencies, first with all radomes in place and next with all radomes removed 

and the elements rematched.   Figure 5-7 showed the critical scan angles measured in the 

array with radomes in place; Figure 5-9 shows the critical scan angles in the element 

radiation patterns measured at the same frequencies after removal of all radomes and 

rematching of the elements.  At the four lowest frequencies no radiation nulls appeared 
either with or without radomes.   At the fifth frequency (for which d A   =0. 519), 

symmetric nulls appeared at ±64° from broadside with radomes in place.   At this frequency 

the nulls dissappeared upon removal of the radomes.   At the three highest frequencies 

deep radiation holes were observed both with and without radomes.  Removal of these 

radomes caused the radiation nulls to move to wider angles, thus increasing the full angle 

of strong array coverage by an amount from 12° to 50° depending on the frequency.   The 

angle of these radiation minima can be used to compute the coupling velocity in each array 

at the three highest test frequencies.   Radome removal caused an increase of nearly 7% 

in this coupling velocity.   The velocity increase was nearly the same for the three test 

frequencies.   Furthermore, this velocity change was in good agreement with the 7. 5% 
change in surface wave velocity estimated theoretically in Section I. 
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In each of the previous arrays the antenna elements were mounted on a metallic 
ground plane which provided hexagonal grooves around each antenna element.   These 
grooves were a consequence of the antenna physical design and assembly technique.   The 
grooves were nearly uniform, with a depth 0. lXo and a width 0.0i7Ao.   Their similarity 
to microwave chokes suggested that the grooves might influence the coupling velocity on 
the array and thus its critical scan angle.   To check this, all the choke grooves wf re 
covered with metal foil, and radiation patterns were measured at several microwave 
frequencies before and after foil covering.   The radiation holes did not significantly change 
in location or depth, suggesting that these chokes had littie effect on coupling accumulation 
and array scan coverage.   (Experiments at Lincoln Laboratory and at Raytheon have shown 
a strong influence of choke depth on the position of the radiation nulls measured in arrays 
of small rtctangulir horns.   Presumably the grooves used in our tests were too narrow 
and too shallow to seriously impede the ground plane currents, and thus did not influence 
the coupling velocity or radiation nullb.) 

Figures 5-1 and 5-2 showed that element radiation patterns and array scan coverage 
can depend on the array terminal impedance (generator impedance in a transmitting phased 
array).   The antenna elements periodically couple and load any wave traveling across the 
array face.   Changes in the impedance connected to the antema terminals could affect this 
periodic loading and influence the array coupling coefficients and the critical scan angles. 

Four different types of reactive terminations were secured, plus 50n coaxial resistance. 
The central antenna element was connected to a detector and recorder.   All neighboring 

elements were connected uniformly to the same type loads.   The element radiation patterns 
were measured for these five distinct loads and at three different microwave frequencies. 
Three of the reactive terminations gave element radiation patterns very similar to those 
obtained with matched (50n) loads.   The fourth reactive termination yielded broad element 
radiation patterns with considerable end-fire radlat.on.   This broad coverage could be 
very desirable In some radar applications.   It was observed at all three t^st frequencies 
using uniform terminations of two different physical designs and having similar electrical 
lengths.   The broad element pattern, resulting from this specific set of reactive termina- 
tions, seems to be a true and accurate performance of the central element In this array. 
However, strong end-fire radiation Is not theoretically possible In a very large array 
because of beam broadening with array scan toward end-fire (see equation 2-11).   In 
going to larger arrays, the normalized element radiation pattern near end-fire must 
decrease to conserve available power.   It is not known to what extent the generator im • 
pedance ;ould be used to effectively control scan coverage In large, real, phased array 
systems. 
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SECTION VI 

ARRAY COMPARISON 

Several different antenna-array types have been critically analyzed or measured at 
Sylvanla and at other organizations.   Published data were examined and, where war- 
ranted, meetings were arranged with the principal Investigators.   These meetings are 
listed under VISITS and VICITORS. 

Reported performance of these arrays will ^e reviewed here.   The arrays 
critically evaluated Include 

1) Coaxial horns (Figure 1-5) measured under this and a related contract 
(Appendix C). 

2) Flush coaxial horns developed ay Sylvanla Electronic Systems as a 
proprietary Item. 

I 
I 
0 
c 
D 
B 
0 
I 
■ 3)    LabcT"*^ 0|^iTlFrP1106 measured and analyzed at Bell Telephone 

B4)    Infinitely long, narrow silts In a aetal ground plane, analyzed In Aooen- 
dlx A. K 

5)    Dlpoles parallel to a conducting ground plane analyzed In Appendix B and 
References 15, 16, and 17. 

Parformance of these arrays can be classified according to whether or not they 
have a scanning blindness resulting from a large coupling accumulation and the emergence 
of t real grating lobe. 

Analysis of arrays of dlpoles parallel to a flat conducting sheet shows no radiation 
holes attributable to either slow wave coupling accumulation or end-fire grating lobe 
radiation.   The element radiation patterns decreases smoothly and the magnitude of the 
mismatch grows smoothly with Increasing scan angle, corresponding to the approach and 
entrance of a grating lobe Into real space.   This comparatively smooth scan performance 
of the dlpole array Is related to the radiation pattern of an Isolated dlpole over an Infinite 
metal sheet.   The dlpole and Its effective Image do not radiate along the ground plane.   A 
large dlpole array does not radUte strongly near the ground plane and couplings do not 
accumulate to a maximum corresponding to a slow wave across the array face.   These are 
the two potential causes of radiation minima In phased arrays.   They are suppressed in an 
array of dlpoles parallel to a conducting ground plane. 
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Measurement of Element radiation patterns In an array of 91 flush coaxial horns 
also revealed no nulls either at or preceding the emergence of a real grating lobe.   Vore 
extensive data on this element Is needed.   All of the remaining arrays evidence holes In 
their scan coverage (similar to Figure 5-1) at or preceedlng the emergence of a real 

gratis lobe.   Array size has some Influence on the scan angle at which the radiation 
minima occur.   Arrays of several dozen elements have radiation minima at scan angles 
a few degrees nearer broadside than those found In very large arrays of similar design. 
Antenna-array design details also Influence the coupling velocity and thus the angle of 
radiation minima.   Certain radome and choke geometries retard the coupling wave and 
reduce array scan coverage. 
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APPENDIX A 

THE INPUT ADMITTANCE TO A SLOTTED ARRAY 

WITH OR WITHOUT A DIELECTRIC SHEET 

L.L Parad 

The performance of a phased array is dependent upon the active driving point 
admittance of the array element as a function of scan.   In fact, the scan limits of the 
array are set by the element mismatch rather than the grating lobe formation (in some 
cases, the large element misnatch is coincident with the appearance of the grating lote). 
A number of papers have been written on the subject of the element match.   One method 
().()»glveg a physical insight to the problem but gives qualitative rather than quanti- 
tative results.   Another approach^ ' which yields quantitative results, does not give physical 
insight to the problem and is very complicated.   The interpretation given in reference (4) 
of Stark1 s^ ' derivaLion is useful because it gives one an understanding as to why the input 
admittance is expressed as a series.   However, the interpretation is not valid when a 
dielectric sheet covers the array.   In this paper, a transmission line approach will be 
used to solve the problem.   Because of the simplicity of this approach, it can be applied to 
more complicated problems, such as an array covered by several layers of dielectric 
sheets.   In order to emphasize the approach rather than the solution to a oarticular pro- 
blem, a two dimensional problem will be solved. 

The geometry of the problem is shown in Figure A-l. Thearray, which consists 
of a large number of slots, lies in the XY plane.   Each slot is infinite in the "Y- 
direction and has a uniform electric field "E", independent of "Y" in the "X" direction. 
The entire array is covered by a dielectric sheet of thickness "t" and relative permitivity 
"6 r".   The array of slot^ is fed with a progressive phase shift vod so that the main beam 
is steered in the direction 

sind. o.o 
(1) 

where 

vo=r8ineo 

and 45 Ihe propagation constant in the "X" direction 

k is the free space propagation constant 
eo is the direction of the peak of the main beam. 
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BOUNDARY CONDITIONS AT Z ^ 0 

a    • E = 0 
y 

ä     I = e 
x 

ä   •E = 0 

jndv 
E     IN SLOTS 

ELSEWHERE 

PROPAGATION CONSTANT 
COMPONENTS 

PLANE Z = 0 ••X 

SLOTS ARE INFINTELY 
LONG IN THE "Y" DIRECTION 

Figure A-l.  Planar Slotted Arriy Covered by a Dielectric Sheet 

S66-12 
A-2 

■-r.y^mf 

■ iiHMÜl^g »^Mlllli   *m\m: 



Tl^ üvut Pittance of one riot a. a function o£ steering angle will be solved by the 

following method. 
(a) Express the field at Z - 0 a. the sum of an Infinite number of plane waves. 

(b) Determtoe the Input admittance at Z = 0 for a plane wave. 

(c) Compute the total Input power at Z = Oforan aperture having a length "r" in the 
*c' "ylrSection and a width "d" In the "X" direcdon. 

(d) Express the Input admittance in terms of the Input power and voltage. 

To express the aperture field as a sum of plane waves, we taxe the Fourier 

transform of the aperture distribution: 

ivx       aEslnav/2     sin (2N . l)(v - v0) d/2 
«xW -   C Ex^e^dx. ^^tf*  •        Sin(v-v0)d/2  

(2) 

where N - «and "v" Is the propagation constant in the "X" direction.   Taking the inverse 

tranaTorm to obtain E (x, o) results in 
-     oe    „ /«      sln(2N+l)(v-v )d/2     , 
If     aE sin av/2 x /v      o        f J^di 

Ex(x,0) = -y- J-oe      av/2 sin (v - vrt)d/2 
(3) 

av/2 sln(v-v0)d/2 

In evaluating equation (3), It Is Important to observe that the Integrand is zero except 
in the vicinity of v-v0+2nr/d where sln4-(v-v0)«|- (v-v0).   Thus equation (3) 

may be rewritten as 

a£ 
vy    mm _ <MK n «-«o 4- (v + 2iar/d) 2     0 

v-(v   + 2nr/d-)sin(2N + i)(v . vki/2 
/ 2    dv 
V(v0 + 2i3r/d+)        (v - v0)d/2 

„   sinj^+aiw/d) 

m 

Ev^0)»-^-  I 
-j(vn+2n(r/d)x 

A a 
»=-«   "2"(v0+ 21»/d) 

(5) 

Since none of the derivation thus far Is dependent jpon the dielectric slab being 
present, let us momentarily assume the dielectric sl&    a not there.   Then the input 
admittance to a plane wave is 
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5L = 1 
i    Ex     rjcose 

cos 0 = 
w 

rZ    vn for free space and 9 is the angle the incident wave makes with the 
where ij = VnA - 3 H for free space «» ^ direction and 
YZ plane.   The input power to the structure for a length   t  in the   Y   dir 

width "d" in the "X" direction is 

i d/2 

pi//    E^dxdy 
T o d/2 y 

Ö) 

Equations (5) a^dWcan be inserted into equation (7) 

*      sin*(v0 + 2Jw/d) 

P = 
a2£ I E \2 m 

J 

oo 

^2_'-d/2 

sin^ (vn+2mir/d) 

L 
* (vn+2iw/d) 
2     0 

i(v +2iw/d)x 
— e      o 

Y4. 
[ x'o -j(vrt+ 2mjr/d)x — e      o 

m=-<«   mi   a .        „      /- - (v0 + 2nwr/d) 

Note that for m t n, the integral is zero, 

of one slot is 

(8) 
dx 

2d n=-ao 

Hence, the pow^r supplied by a length "f" 

2 
sinjlv   + 2nir/d) 

c 

| (v0 + 2iw/d) 

where Y^ is determined from equation (6) using 

T, /l-(v0+2iw/d) /k 

= Input wave admittance at z = 0 
(without dielectric) 

(10) 
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Hie power into the tloi in terms of the slot admittance is 

p . | yf - 1 (Ea)(Ea) V (H) 

Combining equations (9) and (11), the slot input admittance is 

Y« 
1 2       *   L 
a*! El* n«-* 

in 

sin» (vrt+ 2iw/d) 
2    0  

* (v0+2nr/d) 
2 

(12) 

where Y^ is given by equation (10) and is the ratio of H /Ex in the plane Z = 0 for the 
nth plane wave as given by equation (5). 

Consider the situation where the array of slots is covered by a dielectric layer. 
In this case, the input admittance to the slot is still given by equation (12) except that 
Yin must be computed from the formula' ' 

Yt   =Y in    xon Yon+lYantanV     Ex Z=0 
■ input admittance, seen thru dielectric 

(13) 

where 

»_. 5ä on 
-xi 

r€o 1 ——  « characteristic wave admittance, in dielectric, 
cos ein referred to Z direction. 

H 
an 

_ZL =/_2    _L - ■ characteristic wave admittance, in air, 
"tn referred to Z direction 

«.-kyf;e-«ta V^VTP ■ wave number, in Z direction, in 
dielectric. 

cosö^/1- _L.(v0+2n5) 'in 
crk 

cos e tn =/-P-,'O + 
2m \ 
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0ini8 the angle which the incident wave makes with the YZ plane 

dfo is the angle which the transmitted wave makes with the YZ plane \ 

Hyi and Exi are the incident wave fields in the dielectric 

Hyt and E^ are the transmitted wave fields in space 

Some consequences of equation (12) will now be discussed.   The input admittance 
has a pole when Y^ has a pole.   From equation (13), these poles can occur only when 6 
is an imaginary angle (no radiation).   It has been shown (7) that these poles correspond^ 
the excitation of surface wave modes.   An estimate of the propagation constant "v" which 
gives rise to the admittance pole can easily be obtained from equation (7) for a thin 
dielectric layer by assuming that 

tanßt = ßt 

the condition for the admittance pole is obtained from equation (13) as 

) 
/ 

2 2 
kV--jkt(i-^ 

^k 

2    r 
v 
3 = €_ + 
^     r    2^ 

1 -Va + 4k2t2lll- «l + k2t2(-6^"    ) 

(14) 

(15) 

(16) 

Note that for kt <0.1, the propagation constant which caused »he admittance pole is 
essentially equal to tlu free space propagation constar.;. .'^dependent of the dielectric 
constant.   The thickness of the dielectric, not the dielectric constant, is the important 
factor in determining the sm face wave velocity. 

A few comments on the validity of this approach are appropriate.   There were  m 
assumptions made to derive equation (9).   One assumption was that the array was infinite 
and the other that the electric field across the slot is uniform.   The infinite array 
assrmption is reasonable for many of the large phased arrays being built or planned.   The 
as^tu »ption of a uniform field across the slots, although accurate only for narrow slots, 
does not affect the position of the input admittance pole as car. be seen from equation (9). 
The aperture field distribution can affect the admittance pole by eliminating it, which 
occurs when the transform of the aperture field has a zero at the angle for which Y 
has a pole. in 
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In «ummary the Input admittance as a function of scan angle has been determined 
for a planar array scanned in the "E" plane.   It is shown that an admittance polt occurs 
at a scan angle ;hich corresponds to surface wave propagation along the structure.   Since 
the surface wav« propagation constant is greater than that of free space, the admittance 
pole occurs at scan angles prior to the emergence of the grating lobe.   Thus, the scan 
limits of a phased array are specified by the admittance poles which occur in the same 

I planes of scan as the grating lobes, but at smaller scan angles.   The total input admittance 
is obtained from the summation of an infinite number of terms. However, for slots about 
a quarter wavelength wide, equation (12) shows that the summation converges rapidly and 
several terms are adequate for most engineering applications. 
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APPENDIX B 

DIPOLES IN PHASED ARRAYS 

L. Parad 

B. 1  INTRODUCTION 

Since the dipole is the best known antenna element, a great deal of work has been 

done to evaluate its performance in a phased array.   As is usual, new work in the field 

has supplante-l the older work in most instances.   For this reason, only the work of Stark 

and that of tlw Lincoln Laboratory group^3) need be considered.   Using the recent work 

in the field, this section will evaluate the electrical performance of a dipole above a ground 

plane.   The array of dipoles in free space will not be considered since it is the equivalent 

of a slotted array. 

The most important eltctrical characteristics of a phased array antenna element 

are its pattern in the array and its active driving point impedance.   These characteristics 

will be studied for both infinite and finite sized arrays. 

B, 2  INFINITE DIPOLE ARRAY 

B. 2.1 Input Impedance as a Function of Scan Angle 

The driving point impedance of one dipole in an infinite dipole rrray has been in- 

vestigated by btark!1^   The array geometry without a ground plane is shown in Figure B-l. 

The following assumptions are made in the analysis: 

1) The dipoles are thin metal strips "L" long and "«" wide. 

2) The current distribution on the individual dipole is sinusoidal 
(with peak current at the dipole center). 

3) The dipoles are driven with equal amplitudes and phased to produce 
a planar wave front. 

The method of solution is to express the current distribution in the XY plane as a 

double Fourier Series of plane waves.   For example, if the current distribution were in- 

dependent of Y and consisted of an infinite number of pulses aiong the X axis, the series 

of pulses may be represented by a single Fourier Series, with each component hav^g a 

specific amplitude and wavelength along the X axis.   Each Fourier Series component is a 
plane wave having no Y variation and whose wavelength in the X direction determines the 
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angle between its direction of propagation and the X »Jd».   Similarly, a current diatributlon 
having variation« In both the X and Y direction« can be repreeented by a double Fourier 
Series.   In this inatance, each term of the series will have a specified wavelength along 
both the X and Y axis which specifies the propagation directioi of the rlane wave.   Once 
the set of plane waves which, when summed, represents the current distribution is found, 
the electric and magnetic fields at a single dlpole surface is known.   The complex power 

radiated from the dlpole is 

P        ,     - i   f f J    .   E xH* • ds. complex    2  •' ; dlpole 
(1) 

Equating the power radiated by a dlpole to the input power, the dlpole input Impedance is 

obtained as 

Z =—1- J/EXH*. ds (2) 

where I   Is the current at the point at which the impedance is being measured,   instead of 
o 

using only the fields produced by the dipules shown in figure B-l, the effect of the ground 
plane 1^ accounted for by subtracting another identical set of fields displaced by twice the 
ground plan-,» spacing    The resulting expression for the input impedance appears very 
complicated, but can be interpreted.   The driving point impedance for a dlpole in an array 

of dipoles a distance S above a ground plane is 

r«*8» XHfc!*! 

866-12 

IT-C089xs 

sin20 
cos ö 

H 
zs 

1 -e 
-}2kS cos 9 zs 

T(rc<»9x.+ 

['-('°»»T. + 4)]['-"i%"'S] 

m=-<» n=-<» 

2 

5 

^mn' 
(3) 
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wh«re the term m » 0, n > 0 It excluded from the doable summation 

L, t, b, and 5 are defined in Figure B-l 

V^" « 377 ohms 

X is the free space wavelength 

9    , 9    , and 9    are the angles measured between the main beam direction 
M    y8 M       and the X, Y, and Z axis respecMvely 

8 is the distance between the plane of the dipole array and the ground plane 

^m„ ' k •A-Uco.e^fyK (co. V + ^ )2] 

and is the propagation constant of the m, n    plane wave in the Z direction.   It is positive 
real or negative imaginary. 

To better understand equation (3), consider an array of N dipoles driven by current 
sources and phased to produce a beam in the direction 0=0.   The power radiated by the z 
array of dipoles is 

Using equation (3), the power in the main beam (all terms under ^ ^correspond to grating 
lobes) is 

abir 

If the array is steered to the direction 9 , 9 , the main beam is broadened by 

y^ 
-t 

1/ cos Ö   = 1/ .*/ ! - cos 0   - cos 9 
Z X y 

and its peak power density varies with the element power pattern.   Examining the first 
term of equation (3), the beam broadening factor is present so that the rest of the factors 
must be the element power pattern which happens to be complex.   The real part of the 
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element power pattern is easily shown to be proportional to the power pattern of a dlpole 
with the assumed current distribution above an infinite ground plane. 

Using the concept of a complex power pattern yields an understanding of equation (3). 
The first term is the element power pattern evaluated at the main beam peak (1. e.   cos 6 
and cos eyg have replaced the general values cos 9Jl and cos 0 ) times the main lobe width. 
Similarly, each term under the double summation represents the power in a grating lobe. 
The power in the grating lobe is obtained as the element power pattern evaluated at the 
grating lobe peak times the beam broadening factor.   Since th« elements are located on a 
rectangular grid, grating lobes are formed as the angles 

cos0   =cos0     +-m x xs    a 

cos 0y = cos 9y8 ^ n (6) 

Note that equation (3) converges fairly rapidly if a reasonable dlpole (L = 0. 5x, 
8=0. IX)is assumed.   For these dimensions terms for |nl > 3 or (m| > 15 are negligible 
anri a useful formula for the dlpole driving point impedance in a large array is available. 

B.2.2 The Relationship Between Element Pattern, Array Patterns, and Element Driving 

This section will first discuss concepts necessary to understand the operation of a 
phased array element.   It will then discius the specific case of a dlpole above a ground 
plane phased array element.   The following two definitions are needed: 

1) Source pattern: 8(0,0): The pattern measured in the array with 
one element driven and all others match terminated, 

2) Element pattern: E(0,0): The pattern of the isolated element and 
ground plane. 

The array pattern may be expressed in many ways.   One common method is with 
the source pattern as snown below: 

„ „ J(2irA) (md sin 0 cos * + nd b..i b sin 6) 
A(^)=S(0,0)ZZVmne x y 9; (7) 

where S(0,«) Is the source pattern, Vmn is the source excitation voltage, d  and d  are 

element «pacings in the X and Y directions, and 0 and 0 are the usual spherical coordinates. 
The double sum term is periodic. 
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If a grating lobe resulting from this periodicity if allowed in real space, it will be 
•uppreeeed only by the source function 8(0,0).   8(0,0) is the result of the direct radiation 
of the excited element and the fields radiated by the parasitically excited elements.   As- 
suming that the scattered radiation pattern is identical to the element pattern, the source 
pattern is 

„ „ J(2»/X)(md sin ö cos 0 + nd sin ö sin 6) 
8(M) - E(M)  Z E Cmne x / (8) 

where E(^0) is the element pattern and Cmn describes the f:leld coupled to the mnth ele- 
ment.   Note that the  J] J] of equation (8) is periodic with the same period as the array 
factor.   Hence, if E(9,0) is broad, 8(9,0) is approximately periodic also. 

Aperture type elements have broad element patterns which fall to zero along the 
ground plane in the "H" plane, but not in the "E" plane.   Thus S(ö, 0), which is approxi- 
mately periodic in the "S" plane with the same periodicity as the array factor, will have 
the same gain in the grating lot« direction as in the main beam direction.   If the element 
spacing is Urge enough to allow the grating lobe into real space, a sidelobe comparable to 
the main beam peak will occur.   Hence, if array patterns with low sideüobes are to be 
achieved, the elements must be spaced to keep the entire grating lobe out of real space. 

A dipole element has a relatively narrow pattern which goes to zero along the 
ground plane.   Hence, S(M) cannot be considered periodic.   However, it is desirable to 
determine 8(0,0) because it describes the array gain variation with scan angle as shown 
by equation (8).   To determine the source pattern of a dipole, the array pattern is written 
in terms of the dipole current and element pattern. 

_, „ J(2ff/>)(md sin 0 cos 0 + nd, sin 9 sin 6) 
A(M).1(M)   ESlmne 

X y (9) 

where Imn is the current on the mn    element and E(0,0) is the pattern of a dipole above 
a ground plane.   The ratio of currents lmT/lm is also the ratio of the driving voltages. 
However, the magnitude of I     is dependent upon the steering angle as shown by 

Vn,n mn 
Snn s ZG ♦ ZD(0,0) (10) 

where ZG is the generator impedance and ZD(0f 0) is the drivingjpoinUmpedance when the 
beam is steered to 0,0.   Thus, when a linearly polarized array of dipoles is steered, the 
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peak of the radiated field does not vary with the steering angle as the factor of the Isolated 
element, E(0, ^).   Instead   It varies with the element factor times the variable ratio of the 
current at the angle 9, $ to the current at the angle 0=0 = 0.   Thus, from equations (8), 
(9), and (10) the source pattern of a dlpole In an array Is 

when the generator Is matched to the transmission line.   Thus, the source pattern, which 
describes the variation in the peak gain of a phased array as a function of scan angle, has 
been determined as a function of the element factor and the driving point Impedance.   Since 
the element factor of a dlpole is well known, the major effort In the dlpole Investigation has 

been to determine the driving point Impedance. 

B. 3   FINITE SIZED DIPOLE ARRAYS 

Most of the large phased arrays being constructed are large enough to allow most 
of the central elements to be considered as an element In an Infinite array.   In the design 
of the array element and Its initial testing, a reasonably sized array must be chosen to 
simulate the Infinite array environment.   For dlpole arrays, the input Impedance vs. scan 
angle for different sized arrays can be computed for thin dipoles.   From these computations 
the array size needed for developing the dlpole can be determined.   However, before 
relying upon an approximate theory, It Is necessary that experimental tests confirm the 
theory. 

B. 3.1  Experiment and Theory 

To close the gap between theory and experiment, a small phased array of dipoles 
(3) was tested by Lincoln Laboratory: '  Two dlf/erent arrays were tested, an 8 X 8 array and 

a 7 x 7 array, each with a perimeter of dummy elements.   The dipoles were 3/8X long, 
had a length to diameter ratio of 13.6, and were fed by a split-tube balun.   Thus, the 
dipoles used In the experiment were a poor approximation of the thin dipoles usually 
assumed In the theoretical computation of mutual Impedance between dipoles.   Each array 
was steered In the E plane, H plane, and 45° plane, and the Input Impedance of a central 
clement measured.   Next, the Input Impedance was computed assuming thin 3/8X long 
elements and neglecting the presence of baluns.   Good correlation between computed and 
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moasured data was obtained for all scan angles.   In all cases, the deviation in the magnitude 
of the reflection coefficient «ras within 26%, while the phase deviation was less than 24 
degrees»   For most scan angles the correlutlon was much better.   Because of the correla- 
tion between experimental and theoretical data, theory will be used to estimate the per- 
formance of dlpoles in large phased arrays, 

B. 3.2 Linearly Polarized Dipoles on a Square Grid 
(2) Linearly polarized dipoles have been Investigated in detail: '  The active input 

impedance to half-wave and short dipoles has been determined as a function of element 
spacing (spacings considered are 0.5X, 0.6x, 0. Tk, and 0.8x) and element height above 
the ground plane (data with heights of 0.25x, 0.125X, and data with no ground plane are 
available in referenced work). A typical set of data is shown in Figures B-2 and B-3. 
This data is similar to that of the Lincoln Laboratory except that the generator output 
impedance is the complex conjugate of the input impedance to a single dipole above a ground 
plane (the previous data has the generator output impedance equal to the complex conjugate 
of the active driving point impedance at broadside).   Note that matching the isolated ele- 
ment produces better than a 2. 3:1 match for the array element for all scan angles within 
an830 included angle cone.   Hence, if it is desired to minimize the worst VSWR, the 
isolated element may be matched as a first cut.   A better match would be obtained If the 
real part of the generator Impedance were 100 ohms Instead of 85. 66 ohms.   The E and H 
plane source patterns are shown In Figure B-3.   They are obtained using equation (11) and 
Figure B-2.   Note that the source pattern Is dependent upon the generator Impedance and 
that the E and H plane beamwldths would be more nearly equal If the real part of the genera- 
tor Impedance were made 100 ohms. 

B. 3.3 Crossed Dipoles on a Triangular Grid 

Dipoles on square grid arrays have been discussed.   However, the scan require- 
ments of many arrays can be met with fewer elements spaced on a triangular grid: ' 

* 
Since there is no published data on this subject, the problem was Investigated.   Two con- 
figurations were studied.   The first is shown in Figure B-4.   It consists of 0.4x crossed 

i 
Bliss Diamond of Lincoln Laboratory has indicated that he has data on infinite arrays of 
crossed dlpr les on a triangular grid.   This work is not presently available for dissemi- 
nation. 
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2689-66W 

Figure B-2.   Driving Point Impedance with Scan Angle for Center Element of 
9x7 Array of x/2 Dipoler x/4 Above a Ground Plane with 
Element Spacing 0.6x Square.   Generator Impedance is Conjugate 
of Isolated Element Impedance (Z ) 
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H PLANE 

20      30      40      50      60       70 

SCArt ANGLE 0 (DEGREES) 

80       90 

2683-66W 

Figure B-3.     E and H Plane Source Pattern of Center Element of 9 x 7 Array 
ol x/2 Dipoles x/4 Above a Ground Plane with Element Spacing 0.6 X 
square.   Generator Impedance is conjugate of Isolated Element 
Impedance. 
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dlpoles spacfed 0.6X apart on an equilatefal triangular grid 0. 25A above a ground plane. 
The 0.4X dipole length was chosen as a realistic dipole length.    The second consists of 
0.2x crossed dlpoles spaced 0. 3x apart on an equilateral triangular grid 0. 25A above a 
ground plane.   This configuration was chosen to determine the coupling effects for close 
spacings.   The results are presented at the end of this section.   A number of assumptions 
were made in the analysis.   They consist of the following: 

1) The dlpoles are thin. 

2) All Y oriented dlpoles (he'^by called Y dlpoles) nave the same input 
impecbnce. 

3) All X dlpoles have the same input impedance. 

4) All dlpoles are excited with equal amplitude incident waves. 

5) The phases jtf the incident waves are chosen to form a ramp phase 
front at the aperture. 

6) The elements are excited by realistic (not current) sources. 

The active driving point impedance of the dipole is required.   To determine this 
in.pedance it is first necessary to compute ehe mutual impedance between dlpoles.   Since 
crossed dlpoles above a ground plane are to be examined, the mutual impedance between 
elements which are parallel or perpendicular and which do or do not lie in the same plane 
must be obtained.   Because of the general nature of this problem, the integral method of 
Baker and LaGrone 
can be computed as 
Baker and LaGrone^ ' is used.   With this data, the input impedance to the central Y dipo\e 

D 

y dlpoles 

x dlpoles 11 

where T. T. excludes the m = 1 = n term,    Z      is the mutual impedance between the mn 
" u y mn th 

Y dipole and the central Y dipole,    Z      is the mutual impedance between the mn    X dipole 
and the central Y dipole, Z^ is the self impedance of the dipole, L1 is the current o i the 
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central x dlpole, and xImn and yImn are the currents on the X and Y mn01 dipoles.   A 
similar expression may be written for the central X dipole.   By using assumptions 
2 through 5, equation (12) may be rewritten as 

lX 1 + ry 
yZin ^ Zy + r zc = Zo rri^ (13) 

y y 

\ i + r 
xZin=f Zc^x^oTTT^ (14) 

* x 

where Zo is the characteristic impedance of the feed cable,  rx and F are the reflection 
coefficients of the X and Y dipoles and y 

2- 
■7-7-7   1 v       v     /™ J-5-sinö(d cos0 + d sin^) 
Zy - Zn . ZnlH«g. +  Z ^M (yZmn - yZmnlm.ge)e   » - » 

(15) 

>        2ir 
„       v      ,-,     , j T- sin 0(d cos 0 + d sin 0) 

Zy and Zc and Zx as obtained from the computer are given in Tables B-l and B-2. 

In the principal planes, ^ and ^ are given directly by the values of Z   and 
Zy in Tables B-l and B-2.   In the planes 0 = 30° and 0 = 60°, the ratio of I/I   rmLt be 
known before the total input impedances to the X and Y dipoles are obtained.   Thus, the 
relative phase and amplitude of the waves incident upon the X and Y dipoles must first 
be decided upon.   Next, equations (13) and (14) are solved for 1^1  and the same equations 
are then used to determine xZin and yZin.   To solve for the drivii^ point impedances, 
let the crossed dipoles be fed by a quadrature hybrid with the wave incident upon the X 
dipole leading that in the Y dipole by 90°.   The results of these computations are shown 
in Figures B-5, B-6, B-7, and B-8.   In all cases, the Smith Charts have been plotted by 
adding + J115 to the computed impedance and dividing by 45. 3 (the self impedance of the 
dipole is 42-J113).   From these figures, it can be seen that matching the isolated dipoles 
would provide an excellent first cut try to matching the array element. 
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TABLE B-l 

CONTRIBUTIONS TO IMPEDANCE   Z^ at Fo 

Zc;08=Oor 

t, zy^.-o- Zy;0gx3O" Z : A  =60' Zy;0B = 9O- 08=9O zc; V30 Zc;0s=6O 

0    56.8-J152 56.8-J152 56.8-J152 56.8-J152 0 0 0 

10   60.S-J151 60 4-J151 58.1-J150 55.7-J150 0 0. 6-j. 2 0. 9-j. 3 

20    59.9-J146 58.0-J144 55.2-J142 52. 3-J144 0 3. 2-j. 3 3. 0-j. 6 

30 ee.s-jisi 60.4-1135 49.9-J134 44.8-J134 0 6. 7-j. 2 6.7-J1.6 

40    64.6-J124 57.8-J120 40.9-J120 33.8-J121 0 11.4+J3.5 11.5+J.2 

50   67.4-J108 53.0-J105 32. 7-J109 22. 7-J115 0 14. 7+J7. 6 15. 2+jl. 0 

60    58.5-J84.8 46.8-J72.4 23. 6-J103 11.6-1111 0 17.8+J21.4 17. 5+j7. 0 

70   38.0-J72.0 43.H51.4 11.4-)99 6.6-J109 0 20. 5+J31. 6 12. 6KJ13.4 

TABLE B-2 

CONTIÜBUTIONS TO IMPEDANCE ^Z^ at Fo 

Ö8 VV09 Zx;08 = 3O^ zx;08 = 6O- ZX;08 = 9O. 

0 58.8-J149 58.8-J149 58.8-J149 58.8-J149 

10 56. 7-J147 57.8-J149 58. 6-J151 58.8-J151 

20 5.13-J142 55. 7-J144 58.8-J141 62. 3-J142 

30 44. 6-J135 48.9-J135 60. 7-J136 64.4-J133 

40 35. 5-J125 42.4-J125 55.9-J120 66. 6-J113 

50 22.2-J114 32. 3-J116 53. 6-J107 63. 5-J95.1 

60 11. 7-J109 21.3-J105 48. 5-J89. 6 61.0-J50.0 

70 5.4-J108 17.4-J96.7 29.8-J79.5 60. 5-J24.0 
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ARRAY CONSISTS OF 2J COLUMNS 

13 ROWS, 137ELFMENTS 

2677-66W 

Figure D-5.   Input Impedance of X and Y Dipoles in 0 = 0° Plane (Circular 
Polarization). 
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2678-66W 

Figure B-6.   Input Impedance of X and Y Dipoles in 0 = 30° Plane (Circular 
Polarization) 
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Figure B-7.   ^^^ce of X and Y Dipoles in * = 60» Plane (Circular 
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2680-66W 

figure B-8.   Input Impedance of X and Y Dipoles in 0 = 90° Plane (Circular 
Polarization) 
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Principal plane patterns for both the X and Y dlpoles are obtained using Figures 

B-S and B-8 with equation (U).   The results are shown in Figure B-9.   Note that array 
effects broaden the E plane pattern considerably for both planes, but only affect the H plane 
pattern in the plane ot scan which allows the grating lobe to enter real space.   The grating 
lobe effect is gradual, first taking place at 9 »can angle of about 55». 

The reflected power in both the driven and orthogonal ports of the quadrature hybrid 
can be directly determined from Figures B-5, B-6. B-T. and B-8.   The reflected powers 
are (assuming unity incident power to the driven port) 

Pdriven=!rD,2=^rx-V2 

orthogonal =   ^o'    =?'rx+ry)' (17) 

The terms rD and ro can be obtained directly from a vector addition of F and F in 

Figures B-5 thru B-8.   The results are shown in Figuies B-10 and B-ll. * * 

Figure B-10 shows rD as a function of 0 and 0.   For small values of 0   ] F  | is 
independentof 0and the phase of FD is dependent upon 2^.   At wide steering ang^ where 
grating lobe effects begin to occur, ^repeats for 60° changes in 0 and the phase of F 

varies as 20.   Because of the variation of the phase of FD with 0, it is seen that there fs 
no simple matching network which reduces FD independent of 0. 

Figure B-ll plots ro as a function of 0 and 9.   Note that, to a good approximation 
F0 is independent of 0.   Hence, a matching network may be used which reduces the peak 
value of Fo at wide angles at the expense of the match at ö = (T.   »is because of the 0 in- 
dependence of Fo that the dipoles were not matched at broadside.   Instead. F  at ö = 45» 
was minimized. 0 

The observed variation in Fo and rD with 0 is expected for circularly aymmetric 
circularly polarized elements because the coupling coefficients between driven ports or ' 
between orthogonal ports vary as 20, while the coupling between a driven port and an 
orthogonal port is independent of 0fe, 

The ellipticity ratio of the crossed dipoles was computed in the principal planes 
From Figure ß-9 it can be seen that the E and H plane beamwidths are approximately equal. 
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Figure B-9.   Principal Plane Patterns of X and Y Dipoles in a Triangular Grid Array. 
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Figure B-ll.   Reflected Wave In Orthogonal Port oi Circularly Polarized 
Crossed Dipoles Vs. 0 and 0 
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However, the relative phase of the two patterns is dependent upon 0. which causes the 

ellipticity ratio to degrade. Computations show that the ellipticity ratio is better than 

2 db out to 60° in the 0 = 0° plane and out to 50° in the 0 = 90° plane. 

All the results thus far indicate that the dipole is a good phased array element for 

scan angles out to about 50 degrees from broadside.    IVo other results are mjuired before 

this conclusion can be reached:   the bandwidth capability, and a verification tfmt the chosen 

array size is adequate to simulate the infinite army.   It is known that an Isolated dipole 

above a ground plane can be well matched over a reasonable bandwidth (a match better than 

1.2:1 can easily be obtained for a 7 per cent bandwidth).   Hence, it is the bandwidth of the 

mutual coupling that had to be investigated.   To determine the mutual coupling bandwidth, 

the element length in wavelengths was kept constant, but the interelement spacing and 

height above a ground plane was reduced by 7 per cent    The results of these computations 
are shown in the firnt part of Table B-3, 
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TABLE B-3 

DRIVING POINT IMPEDANCE 

(FOR SCAN IN TWO PRINCIPAL PLANES., AT FREQUENCY F ) 
————— ____^ __^_ o 

Array S5ze = 137 Elements 

A*\m %****•*• y****'** 
64. 5-J144 

62.1-J143 

57.6-J139 

49.5-J132 

37.0-J123 

23.1-J118 

11.1-J117 

4. 2-J116 

64. 5-J144 

68. 6-J144 

66. 6-J136 

72. 7-J126 

66. 5-jllO 

71.1-J92.0 

57.8-J66.2 

33,5-j44.2 
. _ J 

65.3-J149 

67. 3-J144 

67. 6-J142 

71.2-J130 

68. 5-J120 

69.1-J104 

58. 2-j8]. 9 

37.2-J72. 3 

y in .s 

Array Size =447 Elements 

65. 3-J149 

63.8-J146 

59. 2-J139 

50.5-J130 

35.0-J123 

2i.7-jll8 

10.4-J117 

2.4-J119 

y^^s^ 

66.9-J147 

67.0-J146 

67. 6-J140 

69, 3-J131 

71.4-J119 

65.4-J103 

61.2-J85.6 

40.1-J68.2 

yW90 

66.9-J147 

64.9-J144 

58.4-J137 

47.8-J130 

37. 5-J122 

23.9-J118 

12.2-J118 

3.9-J120 

Comparing these results to the principal plane imp-dances in Tables B-l and B-2, 

it can be seen that the VSWR remains approximately the same.   To check the array sample 

size used, the input impedance to the Y dipole in a 447-elemenf army with the same reduced 

♦ 
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•pacing was also computed.    Theie results are given in the last part of Table B-3.   The 
two different array sizes give essentially the same central element input impedance. 

Computations were also made on elements with a 3 per cent larger interelement 
spacing and height above the ground plane.   In general, the VSWR was slightly worse 

everywhere but in the 0 = 90° plane.   In this plane, which is the H plane of the X dipole, the 
X dipole VSWR increased signiiicantly at the angles 0 = 60e and 70°, indicating that signi- 
ficant grat^g lobe affects were occurring However, If steering were limited to a 100 degree 
IncludKi angle cone, the worst VSWR in the principal planes would be about 2:1. 

The configuration consisting of 0. 2A dlpoles spaced 0.3x apart on an equilateral 
triangular grid 0.25x above a ground plnne will now be discussed.   The close spaciivg was 
chosen to eliminate any possibility of grating lobe effects.   The array size chosen to study 
this problem was about 7A square, slightly larger than that used to study the 0.4A long 
dipoles.   The array consisted of 45 columns and 29 rows for a total of 653 elements.   The 
driving point impedance was computed as a frjiction of scan angle in the two principal 
planes.   The data is presented in Figure B-12.   The matching network used with the short 
dipoles is adjusted so that the broadside impedance lies in the same part of the Smith Chart 
as it does in Figure B-5 to allow easy comparison.   Note that the equivalent generator 
impedance is not the complex conjugate of the isolated element impedance, since this 
matching technique is only valid for elements reasonably far apart (as far apart as possible 
without allowing the grating lobe into real space for any of the desired scan angles). 
Comparing Figures B-5 and B-12, it is seen that scanning in the H plane is independent 
of the element spacings as long as the grating lobe is kept well out of real space.   For 
E plane scanning, the real part of the impedance variation is independent of the element 
spacing, but the reactive part is dependent upon element spacing.   However, no significant 
change in scan performance out to 70° is observed.   Hence, the scan performance of 
dipoles 0.6x apart is almost as good as it is at closer spacings, 

B. 4 CURRENT SHEET ANTENNA 

Discrete elements have been analyzed in both finite and infinite arrays.  In general, 
the formulas for the element input impedance are quite complicated and must be solved 
using computer techniques.   To obtain a simple expression for Impedance variation with 
scan angle, an infinite current sheet above a ground plane will be analyzed.   Since a 
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Figure B.12.   Input Impedance of Array of 0 2x ninni« «   -r , 
with a 0. 3X I«.«I^ÄXÄ^^t^'y 
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current sheet may be thought to be an infinite number of very closely spaced small dipoles, 
the Impedance variation with scan angle will be similar to that obtained in Figure B-12. 

The geometry to be analyzed consists of an infinite current sheet of Y directed 
current In the XY plane with a perfectly conducting sheet at Z = -d as shown in Figure B-13. 
The problem is to find the ratio of electric to magnetic field parallel to the sheet as a func- 
tion of steering angle.   To steer the beam, the current sheet is excited with uniform 
amplitude and a phase shift linear with distance.   Assuming the plane wave direction is 
0 s 0O» 0 = 90°, the ratios of magnetic to electric fields near the current sheet are 

Hx 
B^'cos. TV-Jv for Z = Of 

IT    cos. y o 
fr-y*    cot^cosy       forZ=0. 

(18) 

(19) 

where equation (19) is the admittance looking into a short circuit from a transmission line 
having the characteristic admittance /$■   /cos 0   and propagation constant 2ir cos 0 /x . 
The total impedance seen by the current sheet is 

..„. 
*; 

i  
X 

vT cos 0 

Of 

2iT 
\ 

1 - j cotfzzr.  co) 
v° °) 

(20) 

Equation (20) is valid for scanning in the 0 = 90° plane (E plane). 

Ilote that in equation (20), the numerator is simply the ratio E /H   of the excited 
plane wave.   It can be shown that for a plane wave steered in the general direction 0,0, o    o 
the input impedance is 

Z = 

Adcoa 9^ + sin 0 cos e ) '^, o o o 
 5 5 5  
«(cos 0„ + sin 0 sin e ) o o        o 

1 - J cot^ cos 0o^ 
(21) 
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Figure B-13. Current Sheet Antenna 
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Letting d « ^4 and plotting 

Znonnalteed * *• Vf « - J- 75 (22) 

the Smith Chart plots for E wid H plane scan in Figure B-H are obtained.   The peculiar 
normalization of equation (22) was used to allow a di ;ect comparison of Figure B-14 with 
Figures B-12 and B-5.   Compfcring these figures, it is seen that Figure Ö-12 is very 
similar to Figure B-14 and that the impedance plots of Figure B-12 are between the 
impedance plots of Figures B-5 and B-13 as expected. 

Thus, the current sheet approach first suggested by Wheeler(8) for analysis of 
dlpole arrays without a ground plane has been shown to be a useful approach for dipoles 
above a ground plane also.   With this approach, the scan angle limits of a dipole element 
above a ground plane has been established. 
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Figure B-14.   Input Impedance of an Infinite Current Sheet X /4 Above a Ground 
Plane o 
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APPENDIX C 

PUOHT TEST PERPOBMANCE DATA ON THE MAP RADAR SWTEM 

B... T TV** l**,ed "r•, ""'" •yrte,,, *" iW"a** ** *»«"» "*' «ntracl to 
*« T...^» Ubo«^, (DAOO-OM-ORD-,,,,,.   ^ radar ».. circular,, poU.^ed 
•MWtar.M«.„.,„„.,. „, „to,, hexllg011alSimy (plmltar to ^ mucb 

«-..*. arra, «i te «. rtüdy.   ^^ „^ tMta ^ ^ ^ ^ 

surface wave analysis In th's study. 

A radar target was simulated bj an airborne transmitter of known location  RF 

^LTT*™0*'   ** alrb0rne ^^^ (Wlth C0ntr0llable PO^lzation) was 
tracked by rte circularly polarized, phased array, radar receiver on the ground.   The 

power output from the receiver sum channel was recorded .. a function of array scan. 

The e^elope of this sum beam .uaxlmum versus scan is the antenna element radiation 

pattern.   Consequently we can compare this radar flight test data* with analytical and 
experimental lament radiation characteristics obtained In this study contract. 

When the MAR radar was scanned In the directions predicted In this study, radla- 
tlon minima were observe   Received power dropped sharply by 3 db. and elllptlclty 

exceed«! 15 decibels.   This occurred over a narrow angular band of the shape shown In 

Figure 5-5.   These flight measurements showed that In the critical scan directions (near 

the edge of the radar design coverage) the radar array received only one linear polarization 
component and rejected the orthogonal component of the "radar echo".   This could be 

explained by surface wave propagation across the array face In only the lowest T M 

mode.   The measured holes In the coverage occurred at slightly larger scan angles 

Omplylng a slightly faster surface wave) than had been measured In the sample^rLder 

this study contract.   This could be due to any of several small differences In the anl J 

elements or It could be a direct consequence of the different array sizes.   (The M^ array 
was several times larger than the one used In this study.) * / 

The radiation patterns of certain edge elements In the MAR receiver array were 
measured.   These edge elements showed radiation nulls at the same scan angles as the 

nulls in the sum pattern of the full array.   However, the edge elements radiated non- 

symmetrlcally; the deep null appeared only on that side away from the array center.   This 

-courtesy of John Van Dolman. Bell Telephone Labs. White Sands. New Mexico 
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asymmetric performance of the edge element was predicted analytically.   Mutual coupling 
and re-radiation are possible only from antenna elements on one side of an edge element. 
The phase delays through mutual coupling plus radiation retardation add In multiples of 
2» for radiation or reception at the critic«! scan angle on the side of the array normal 
opposite the parasite.   This accounts for the asymmetric radiation null. 

The antenna element coupling coefficients In the MAR receiver array were also 
measured.   The coupling data resembled Figures 4-2, 4-4, and 4-6 of this report except 
that 

1) the coupling Intensities In the MAR array were reported to be a few deci- 
bels weaker and, 

2) the MAR coupling velocity was reported to be a few percent faster than 
found In our study. 

Measurement of the MAR radar scan coverage, element radiation pattern, and mutual 
coupling coefficient? confirm the findings In this study. 
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UST OF SYMBOLS 

> column coupling amplitudes 

« velocity of light in free space, 2.99790 x ID8 m/u 

■ spacing between elements inX and Y directions 

• dielectric constant at medium 

■ total radiated field intensity (volts/meter) 

- electric field radiated by the m    element per unit Incident 
voltage 

« radiated field intensity (volts/meter) from the whole array 

■ radome height above ground plane 

■ free space wave number 

■ wave number along array surface 

■ array indices locating the antenna element 

■ characteristic impedance of free space (377 ohms) 

■ reference element indices 

■ total power (watts) radiated by the array 

■ inverse square of the surface wave velocity 

s spherical coordinates 

■ mutual coupling coefficient between the central (0,0) antenna and the 
(m, n) antenna 

- subscript identifying the array steering commands 

■ radome thickness 

- transverse electric, wave mode in rectangular waveguide 

■ transverse electric, wave mode in coaxial waveguide 

■ transverse magnetic surface wave mode 

■ propagation constant normal to interface 
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LIST OF SYMBOLS (Continued) 

V. - volume of hemispheric radome dielectric 

V ■ drive applied to the (m, n) antenna, amplitude and phase mn 
V a drive applied to the reference element 

v = phase velocity along array surface 

V ■ Incident voltage driving the m    antenna element m 
x, y, z ■ cartesian coordinates 

x ■ distance in the direction of surface wave propagation 

z ■ distance normal to the surface 

Z ■ characteristic impedance of the transmission lines 

Z ■ tangential surface impedance 

a - attenuation constant 

V ■ tangential propagation constant 

T (0 4 ) ■ active reflection coefficient at the m    element mx s^s7 

6 - critical scan angles 

9    _ = scan angle causing an end-fire grating lobe 
SgJj 

0 0 ■ array steering coordinates 
S    S 

X ■ wavelength along array surface 
B 

*, ¥ s phase increments between consecutive columns or rows 

* .phase of the mth column coupling coefficient 

It ■ mean coupling phase delay per column 

n ■ effective solid an^le surrounding each major radiation lobe in 
real space 

ta ■ angular frequency 
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CONCLUSIONS 

Analyiis and experlmenUl evidence ehow that array performance can vary greatly 

with scan angle.   In-phaee coupling accumulation can cauee deep holes In the scan 
coverage of a phased array.   Coupling accumulation seems to be largest (deepest radiation 
nulls) in those aT snmi arrays which provide a mechanism for launching and propagating 
an  eleciromagnetlc wave along the array face.   In some arrays, this coupling wave 

travels At a velocity substantially less than the velocity of light In free space.   Slow wave 
coupling accumulation leads to radiation minima at scan angles less than those for which 
a grating lobe peak enters real space, to this case, scan performance Is limned, not by the 
classical grating lobe consl^ratlons, but rather by cumulative coupling.   Radiation nulls 
can occur within the design coverage if the array spacing is chosen to merely keep the 
grating lobe maxima outside real space for all required array scan diractions. 

In a phased array, mutual couphng between any pair of antenna elements is usually 

quite small.   Their Individual effect on array performance is usually negligible.   Urge 
degradations of array performance occur when many coupling contributions add in-phase 
in the critical scan regions.   For this reason, cumulative coupling minima may übt be 
recognuable In the analysis or test of small array samples frequently used In the develop- 

ment and test of antenna elements for use In larg« phased arrays. 
Multifunction radars frequently use phased arrays to form and steer high resolution 

radar beams.   The effectiveness of such an antenna array is measured in terms of its 
angular radtotion coverage, polarization ratio, active impedance, and efficiency.  All 
these aspecti of the antenna array are related so that serious degradation in one aspect 

is usually reflected In the ethers. 
Consequences to system performance at the critical scan angles depend upon the 

array design.   Measurements here juggest that one lümar polarization (electric field 
in the plane of scan) could be almost totally reflected at the array face with virtvally no 
radiation of this polarization at these scan angl«.   A linearly polarized array would be 
blind in these dlvectlons; a circularly polarized amy could radiate only one linearly 
polarized component; a two port polarization diversity receiver would accept the same. 
Uniar polarization (f perpendicular to the plane of scan) at both antenna terminals, thus 
losing polariaatlon discrimination capability.   In three-dimensional space, the critical 
scan regions are bounded by corrugated con*«, parallel to, and Inside, the scan surface 

defined by the emergence of a grating lobe maximum Into real space. 
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RECOMMENDATIONS FOR FUTHER STUDY 
Effective use of phaeed arrays requires an accurate knowledge of the potentialities 

and limitations of this type of radiating system.   Phased array understanding remains in- 
complete In certain important engineering areas.  We will try to identify those critical 

arws closely related to this study. 
This study has shown the relation between the angular position of radiation minima 

and array coupling velocity.   Null depths in measured element radiation patterns were 
found to vary greatly with the microwave frequency and array polarization.   Sometimes a 
secondary minimum was observed at a wider scan angle than the first minimum.  Array 
coverage is limited by the first minimum; its angular location has been explained.   The 
depth at the first minimum and the occasional observance of a second minimum have not 

been fully explained. 
Antenna elements for large arrays are usually developed «tnd tested in small array 

samples.   Antenna element performance is known to change significantly in passing from 
a small to a large array.  A general ^«ory ( or new test procedure) is urgently needed 
to extrapolate element performance measured in a small anuy to performance of that 

same element in a large array. 
An array of flush coaxial horns has been tested and reported to have no radiation 

nulls in the forward    misphere of the array (|9g| <0O8), even under conditions where e 
grating lobe approaches and enters real space.  A more critical examination of this high 

potential array element is needed. 
Finally, a variety of classical slow wave structures have been analyzed by others. 

Some of these physical shapes resemble phased arrays.  Application of these classical 
solution« to phased array problems could lead to techrlques for estimating coupling 
velocity and assuring that future array designs have cumulative coupling nulls outside 

their required scan coverage. 
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dlitanea.   At tha critical toan aagla, all columat on ono rid* of tha anay coupla in-phan and 
n-ndiata dattmetlvaly, caudug daap holw In anay covaraga and in alamant radiation pattern. 
Empirical coupling valodtlM wan la« than tha baa ipaca valocity of Ugh*,   Radiation hol« anp*and 
at tcaa aagUt which wan tmallar than then tot which tha grating loba maximum antas nal apaca. 

Many physical partwbatl'Jnt of tha aaty goenotoy wan Invattigatsd axpatimantally to datarmlna 
thair influakca on anay tcaa paifoanaaca.   Savaml dhraan anay typw an npotlad to have radiation 
mini», .«^K^^ ^ \Yfim TTyrBM im 
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